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Abstract. Compositional data which contain relative information occur frequently in many practical
scenarios. Promising achievements have been made in clustering for single compositional data variable, yet
few works are available for multivariate compositional data clustering, let alone the importance measurement
of compositional data variables. In this paper, we develop a novel clustering method for multivariate
compositional data which integrates the self-expressive property and the group-weighted strategy. The self-
expressive property is generalized to multivariate compositional data analysis, upon which the coefficient
matrix is obtained to reflect the global structure of data. Moreover, considering the importance of each
compositional data variable is different during the process of clustering, we propose a group-weighted
strategy to adaptively learn appropriate weights for them. Experimental results on a practical dataset
demonstrate the effectiveness of the proposed method.
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1. Introduction

Compositional data describe the relative information of components on a whole by proportions or
percentages, occur frequently in practice [1]. For example, industry-level gross domestic product (GDP) and
emotion structures in social media. Compositional data are constrained to be positive and constant-sum (e.g.
1, 100% or other constants), which contributes to the closure of compositional data.

Owing to the constraints, traditional statistical methods, such as clustering, can not be directly applied to
the raw data [2]. A common approach is to eliminate these constraints by some transformation methods
before modeling. Along this line, many compositional data clustering methods have been proposed. Xu et al.
[3] discussed four hierarchical clustering methods utilizing two types of log-ritio transformations, pivot
coordinates [4] and weighted symmetric pivot coordinates [5]. Godichon-Baggioni et al. [6] excuted K-
means clustering utilizing the centered log-ratio (clr) [7] transformation. Wang et al. [8] proposed the
theoretical framework of the convex clustering for compositional data with respect to the Aitchison geometry
using the isometric log-ratio (ilr) transformation. Although these methods have made great progress in the
clustering of compositional data, there still exists some limitations. These approaches are limited to single
compositional data variable, lacking the ability to deal with multivariate scenario, and the performances of
them are heavily influenced by the selection of the metric functions, such as Cosine, Euclidean distance and
Gaussian function. Moreover, how to distinguish the importance of different compositional data variables is
also a crucial issue for clustering.

To address these problems, we propose a group-weighted subspace clustering for multivariate
compositional data termed GWSCMC, which integrates the subspace clustering with the group-weighted
strategy. Specifically, subspace clustering [9] is generalized to multivariate compositional data clustering
since it is widely used and does not depend upon the metric functions. The key to the success of subspace
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clustering is the self-expressive property which assumes that all samples belong to different subspace and
each sample can be linearly represented by other samples within the same subspace [10]. We first construct
the self-expressive property for multivariate compositional data. Then, the coefficient matrix is obtained
under the self-expressive property and the scaled simplex constraints are imposed on it to make it physically
meaningful and more discriminative. Meanwhile, considering the varying importance of compositional data
variables, we propose a group-weighted strategy to learn appropriate weights for these variables, reflecting
the importance explicitly. Finally, the optimization problem is solved by the alternating direction method of
multipliers (ADMM). Experimental results on the practical dataset demonstrate the effectiveness of our
proposed method in comparison with other clustering methods.

2. Preliminaries

2.1. Aitchison Geometry and ilr Transformation
The D -part simplex space S$” which is constituted by all the D -part compositional data is defined as
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In the Aitchison geometry, the perturbation @ and powering ® are two important operations for
compositional data. For any two compositions u = (i, u,,---,up) and v=(v,v,,---,vp) in §”, and a e R,
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sumz =Yz, . Apparently, the perturbation and powering operations construct a linear space on S” . The zero
i=1

element corresponding to the perturbation is C(1,), where 1,, e R” is a vector with all elements equal to 1.

Moreover, the ilr transformation has been widely utilized to remove the constrains of compositional data,
which is conducted via the orthonormal basis in S” . Specifically, composition u can be transformed to a
vector ilr(u)=u" = (u; ,uy, --,up ;) . For i=1,2,---,D—1,
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Owing to the isometry property of ilr transformation, the perturbation and powering in Aitchison
geometry can be transformed into the addition and multiplication operations in real space. For any «,8eR
and u,v e S?, we can obtain

ir(a®ud ®v)=axilr(u)+ Bxilr(v). 4)
2.2. Multivariate Compositional Data
In analogy with the multivariate scalar data in the Euclidean space, we can denote the p-dimensional

D -part compositional data vector in S}? as U =(u,,u,,-u) , where u, =(y, ul) €SP for

ij 2 l/ st
i=12,--,n and j=1,2,---,p.

The Aitchison geometry and ilr transformation in § pD can be derived from univariate compositional data
in S§” [11]. For any two multivariate compositional samples =(u,,u,,--u,) and

U, =(uup . ,u,) in 7, and @ € R, the perturbation @ and powering ® in S]f’ can be defined as

Ur ® Ul = ((url @ull)’a(ur2 @HIZ)’D"'a(urp (_Bulp)’)la
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The definition of ilr transformation for multivariate compositional data can be formulated as
ilr(U,) = U, = (ilr(u,)),ilr(u,,) -, ilr(u,,) )" (6)

415



3. Group-weighted Subspace Clustering for Multivariate Compositional Data

In this section, we first define the self-expressive property for multivariate compositional data. Then,
based on this, we propose our model and develop an optimization method to solve it.

3.1. The Self-expressive Property for Multivariate Compositional Data
We first define the self-expressive property for multivariate compositional data. That is, all samples of
multivariate compositional data are in a union of different subspaces which can be seen as clusters, and each
sample can be represented as a linear combination of the other samples in the same subspace. This can be
formulated as follows:
U =h,0U @ @b, 0U, =@bh, OU,, (7)
J#l
where U, =(u,/,u;,---u,), i=1,2,--,n and j=1,2,--,n. b, = (b, by;,++,b,;) € R™ is the coefficient vector

corresponding to the sample U; and 5, =0.

3.2. Model Formulation
To effectively solve the multiple linear regression problem in Eq.(7), we first simplify it by a proposition
on account of ilr transformation.

Proposition 1: For any two multivariate compositional samples U, and U, in Sf ,and o,feR,

ilr(a®U, ® pOU,)) =axilr(U,)+ Sxilr(U),). ()
By means of Proposition 1, if we perform ilr transformation on both sides of Eq.(7). The equation can be
rewritten as follows:
ilr(U,) = byilr(Uy) ++-+b,,ilr(U,) = > bilr(U), )
To further simplify the notations, we can rewrite the above eéuation in the matrix form as follows:
min| H-HBI% + Al Bl%, (10)

where H = ilr(U) = (ilr(U,),ilr(U,),---,ilr(U,)) e R is the multivariate compositional data after ilr
transformation and d is the number of dimensions. B=(b,,---,b,) e R”" denotes the coefficient matrix and
the constraint 5, =0 is removed since the Frobenius norm imposed on B can avoid the trivial solution [12].
A is a trade-off parameter.

Inspired by [12], To make B more physically meaningful and discriminative, the scaled simplex
constraints are imposed on it, which make each coefficient vector non-negative and the vector sum equal to a
constant s where 0<s<1. As a result, the objective function can be formulated as:

min| H-HB% + Al BI?,s:B>0,B'1, =1, , (11)

where B>0 denotes that all entries of B are non-negative and 1, € R" represents a n -dimensional vector
with all entries equal to 1.

Considering the fact that the importance of compositional data variables is different during the process of
clustering, we introduce a weight matrix W = diag(W", W ... WP} to explicitly reflect the importance of
different compositional data variables, where W*) denotes the block diagonal weight matrix corresponding
to the & -th compositional data variable, £ =1,2,---,p . Let d, represents the number of parts of the & -th
compositional data variable after ilr transformation, we have fdk =d and diag(W")=w1, eR%, where
w, is the weight pof the k -th compositional data variable. To Tearn weights adaptively, we integrate the
constraint w, >0,> w, =1 into Eq.(11). The objective function of GWSCMC can be written as

k=1

minll WH ~ WHBIE + Il BIE, s8> 0,B1, =s1,,w, >0, w, =1. (12)
s k=1

3.3. Solving the Optimization with ADMM

The optimization problem shown in Eq.(12) can not obtain the analytical solution directly, so we solve it
with ADMM. Specifically, we first introduce a new auxiliary variable C, which serves to separate the
objective function in Eq.(12), and then rewrite Eq.(12) in the following form:
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minl| WH - WHCIE, + 21l BI},5£C =B,C>0,C'1, =51,,w, > ozw =1. (13)
The corresponding augmented Lagrangian function is formulated as

£(B,C,W) =l WH-WHBI. + Al CI +tr(Y’(c—B))+§|| C-BP, (14)

where Y is the Lagrange multiplier and g denotes an adaptive balance parameter. According to ADMM,
we can iteratively update each of B, C and W while keeping the other two variables fixed.

1) Updating B while fixing C and W
By taking the derivative of Eq.(14) with respect to B and setting it to be zero, B is given by
B=CM'M+ul)" 2M'M + uC+Y), (15)
where M =WH and I is the identity matrix.
2) Updating C while fixing B and W
uB-Y
H+22

C:argmin%H C- I2,s6C>0,C'1, =s1,. (16)
C

This is a quadratic problem and can be effectively solved by the method based on projection.
3) Updating W while fixing B and C

We divide the data matrix H according to the variables and have H=(H, ,H,,/

@

»H_ ') eR"™ where
H, eR*" is the k -th compositional data variable, for £=1,2,---,p . Then, the optimization problem
according to W is

P
w, =argmin) w;[| H, -H

Wi k=1

Bl stw, ZO,iwk =1. (17)
k=1

(k)

Eq.(17) can be solved by the Lagrange multiplier method. Suppose g, =Il H,, —H B , the solution is

(k)
W, =1/£gk. (18)

4) Updating Y and u
We update the lagrangian multiplier Y and penalty parameter 4 by the following formulations:
Y =Y +u(C-B), (19)
p=min(nu, ),
where 1 and g, are two predefined positive constants, and 7 controls the speed of convergence.

We repeat the above updates until the convergence criteria is satisfied. Then the affinity matrix A can be
constructed by A =(B+B')/2, which is utilized for spectral clustering to obtain the final clustering result.

4. Real Data Analysis

In this section, we conduct comparative experiments on practical datasets to validate the effectiveness of
GWSCMC. The subsequent subsections provide the dataset description, comparison methods and the
experimental results.

4.1. Dataset

The Beer Reviews from Beer Advocate dataset is utilized to verify our method. This dataset contains 1.5
million beer reviews and each review includes rating in terms of appearance, aroma, palate, taste, and overall
impression. Moreover, reviews also include product information, such as the style of beer and the alcohol by
volume of the beer. In our experiment, we integrate all the beer reviews for different styles of beers. As a
result, the dataset is simplified to contain 104 beer styles with five compositional data variables termed
appearance, aroma, palate, taste and abv (alcohol by volume). The first four variables all include nine parts
and the last variable contains ten parts. To test the performance of clustering intuitively, we compute the
mean value of the overall impression rating for each style of beer. Then, we divide the mean value into three
intervals which are below 3.6, (3.6, 3.8], and exceed 3.8. Furthermore, each interval can be seen as a group
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so the true cluster labels are known. The labels learned from the algorithms will be compared to the true
labels to evaluate the clustering results. Three commonly used metrics are employed to evaluate the
clustering performance, i.e. the normalized mutual information (NMI), the adjust rand index (ARI), and the
accuracy (ACC). Note that larger values of these metrics means better clustering performance.

4.2. Comparison Methods

We compare the proposed GWSCMC with several state-of-the-art clustering methods including K-means,
Spectral Clustering, Hierarchical Clustering, least square regression (LSR) subspace clustering [10], and
scaled simplex representation (SSR) subspace clustering [12]. The first three methods are traditional
clustering methods which mainly utilize the distance to measure the similarity among samples. LSR and SSR
are two effective subspace clustering methods which are constructed based on the self-expressive property. It
is worth noting that these methods are always utilized to deal with single compositional data variable, but not
designed for multivariate compositional data. As a result, these compositional data variables after ilr
transformation are concatenated as a whole before using these methods. For GWSCMC, the optimal
parameters A and s are determined by a grid search strategy. In other words, these two parameters are
selected from candidate sets. The candidate set for A is [107,10°,107,10",1,10,10°], while s takes values
from [0.1,0.2, ..., 0.9, 1].

4.3. Results

To evaluate the performance of different clustering algorithms, each method is executed for 10
repetitions on the dataset, and then the mean value and standard deviation of NMI, ARI, and ACC are
calculated respectively. All experimental results are presented in Table 1. From Table 1, we can see that the
clustering results of K-means and spectral clustering are inferior to the self-expressive property based
methods LSR, SSR and GWSCMC. Hierarchical clustering method is better than LSR but not as good as
SSR and GWSCMC. Comparing to LSR, SSR can mitigate the noise effect to obtain a sparse and accurate
subspace representation, resulting in a better performance. Overall, GWSCMC outperforms all the other
clustering methods. The performance gain of GWSCMC over SSR demonstrates the power of the group-
weighted strategy which distinguishes the importance of different compositional data variables.

Table 1: Clustering results of the compared methods

Methods NMI (std) ARI (std) ACC (std)

K-means 0.1711 (0.0311) 0.1119(0.0263) 0.4865 (0.0458)
Spectral Clustering 0.1496 (0.0000) 0.0887 (0.0000) 0.4519 (0.0000)
Hierarchical 0.3185 (0.0000) 0.2050 (0.0000) 0.6154 (0.0000)
LSR 0.2283 (0.0051) 0.1649 (0.0022) 0.4962 (0.0050)
SSR 0.3382 (0.0191) 0.4124 (0.0212) 0.7298 (0.0153)
GWSCMC 0.5668 (0.0028) 0.5614 (0.0036) 0.8462 (0.0000)

In addition, the weights learned by the proposed GWSCMC on the dataset are illustrated in Fig.1.
Clearly, the taste variable gains the largest weight with around 0.30, followed by the palate and aroma
variables with around 0.24 and 0.21. The weights of appearance and abv variables are relatively small with
around 0.16 and 0.09. In fact, this is not against our instincts. The taste, palate and aroma are the key to the
overall impression of beers. By contrast, the appearance and abv are relatively not critical.

0.2441

0.2144

The learnt weights

0.0849

appear aroma palate taste abv
Compositional data variables

Fig. 1: The weights learned by GWSCMC for compositional data variables.
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5. Conclusion

This paper focus on the clustering of multivariate compositional data. We propose an effective clustering
method which utilizes the self-expressive property and the group-weighted strategy. Specifically, different
from the metric based methods which suffer from the selection of the metric functions, the proposed method
explores the self-expressive property for multivariate compositional data to find the relationships among
samples. Moreover, to intuitively reflect the importance of each compositional data variable with different
numbers of parts, we propose a group-weighted strategy to adaptively learn appropriate weights for different
variables. From the practical case study, it is shown that our proposed method can achieve good performance
and when the importance of variables are distinguished, the clustering results are significantly improved.
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