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Abstract. The resistance distance between any two vertices of a connected graph G is defined as the 
effective resistance between them in the electrical network constructed from G by replacing each edge of G 
with unit resistor. Kirchhoff index is a structure-descriptor based on resistance distance. For the theta shape 
graphs(a specified class of bicycle graphs), the ordering rations of their Kirchhoff index remain open. In this 
paper, some new ordering relations are obtained by three graph transformations, and the minimal Kirchhoff 
index and the corresponding graph in this class of graphs is also discussed. 
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1. Introduction  

On the basis of electrical network theory, Klein and Randic[1] introduced the novel concept of resistance 
distance. Let G be a connected graph with vertices labelled as 1, 2, ... , n. They view G as an electrical 
network N by considering each edge of G as a unit resistor, then the resistance distance between vertices i 
and j, denoted by rij , is defined to be the effective resistance between nodes i and j as computed with Ohm's 
law in N. The Kirchhoff index of G, denoted by Kf(G)[1], is the sum of resistance distance between all pairs 
of vertices in G. The original index based on distance in a graph G is the famous Wiener index W(G) [2], 
which counts the sum of distance between all pairs of vertices in G. Klein and Randic proved that Kf(G) ≤ 
W(G) with equality if and only if G is a tree. Kirchhoff index is a structure-descriptor based on resistance 
distance. The investigation on the Kirchhoff index of graph is an important topic in the theory of graph. It is 
difficult to implement some algorithms to compute resistant distance and Kirchhoff index in a graph from 
their computational complexity. Hence, it makes sense to find closed-form formulae for the Kirchhoff 
index[1,3]. In present, to compute resistance distances, various methods have been developed, and relevant 
formulae for resistance distance have been given for some classes of graphs, and some relevant indices to 
Kirchhoff index are also discussed [3-11]. 

The bicycle graphs are connected graphs whose number of vertices is one more than the number of edges. 
The first and second classes of these graphs have been discussed, and their ordering relations and extreme 
graphs are obtained [12]. In this paper, we will pay attention to the third class of graphs, i.e. the theta shape 
graphs(as shown in Fig.1 (1)). We denote the theta shape graph with n vertices by n . t

n denotes the theta 
shape graph with n vertices, and the number of the vertices on the essential circles is t. For the theta shape 
graphs, the ordering rations of their Kirchhoff indices remain open.  By the graph transformations, we find 
some ordering relations of Kirchhoff indices and discuss the minimal Kirchhoff index for this class of graphs. 

2. Main Results 

2.1. Three graph transformations and some ordering relations 
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Let G be a simple undirected graph with the vertex set V(G). We denote the number of the vertices of G 
by |V(G)|, and we use u ∈V(G) and V(G)\u respectively to denote a vertex u of G and a vertex set that arises 
from G by deleting the vertex u. Denote d(u,v) and r(u,v)(or ( , )u v in an electrical network N), respectively, 
by the distance and the resistance distance between two vertices u, v of G. The sum of the resistance distance 
from vi to other vertices of G is denoted by ( )

ivKf G . The following lemmas will be used in sequel: 
Lemma 1.1([13]) Let T be a tree with n vertices different from the path with n vertices denoted by Pn 

and the star with n vertices denoted by Sn. Then W(Sn)< W(T)< W(Pn). 
Lemma 1.2([12]) Let x be a cut vertex of a connected graph G such that G-x has exactly two branches 

G1 and G2. Let '
iG be the subgraph induced by { }( 1,2)iG x i  . Then 

' ' ' ' ' '
1 2 1 2 2 1( ) ( ) ( ) (| ( ) | 1) ( ) (| ( ) | 1) ( )x xKf G Kf G Kf G V G Kf G V G Kf G                                                (1) 

Lemma 1.3([13]) The Kirchhoff Index of a tree is equivalent to its Wiener index. 
Lemma 1.4([14,15])  For a circle G,  Kf(G)= (n3-n)/12. 
Lemma 1.5([11])  Let G be a connected graph with e=ij being an edge. Let G'= G-e and G*=G\e. Then 

' *( , ) [1 ( , )] ( , ) ( , ) ( , )p q i j p q i j p q                                                                                         (2) 
Lemma 1.6([11]) Let   and '  be resistance distance functions for edge-weighted connected graphs G 

and G' which are the same except for the weights   and ' on an edge e=ij. Then 
2 2

' 1 1 1
[ ( , ) ( , )] [ ( , ) ( , )]

( ) ( )
4[1 ( , )]

n n n

k k k
n i k j k i k j k

Kf G Kf G
i j

 


  
     

 
 

  
 

where '    . 

 
Fig. 1 The theta shape graph and the transformations I-II 

 Claim 1. G0 ∈ n is the graph with the minimal Kirchhoff index, for any cut vertex vi with hanging 
tree Ti in G0 , Ti is a star, and vi is its central vertex. 

Proof. Assuming that Ti is not a star in G0(See Fig.1 (2)), then we apply the following graph 
transformation I: 

Transformation I: We obtain G1 from G0 by deleting all the edges of Ti in G0 and joining them with vi, 
that is to say, we change Ti in G0 to the star Si attaching to vi in G1.  

By Lemma 1.1, we have Kf(Si)<Kf(Ti) and ( ) ( )
i iv i v iKf S Kf T . vi is a cut vertex of G0. Assume that G01 

and Ti are two branches of G0-vi. '
01G and '

iT are the subgraphs induced by 01( ) { }iV G v and ( ) { }i iV T v , 
respectively. By Lemma 1.2, we have 
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' ' ' ' ' '
0 01 01 01( ) ( ) ( ) (| ( ) | 1) ( ) (| ( ) | 1) ( )

i ii v i i vKf G Kf G Kf T V G Kf T V T Kf G      . 
We denote that G11 and Si are two branches of 1 iG v , '

11G and '
iS are the subgraphs induced by 

11( ) { }iV G v and ( ) { }i iV S v , respectively. Also by Lemma 1.2, 
' ' ' ' ' '

1 11 11 11( ) ( ) ( ) (| ( ) | 1) ( ) (| ( ) | 1) ( )
i ii v i i vKf G Kf G Kf S V G Kf S V S Kf G      . 

Since ' '
01 11( ) ( )Kf G Kf G , ' '

01 11| ( ) | | ( ) |V G V G and | ( ) | | ( ) |i iV T V S . Then we get Kf(G1)<Kf(G0). It is a 
contradiction. 

 Claim 2. For k l , the transformation II is shown as in Fig.1 (3), then 2 1( ) ( )Kf G Kf G . 
Proof. By Lemma 1.3, we have 

0

1 0 0 0
( ) ( ) ( ) ( ) 1

0 0

( 1)( ) ( , ) ( , ) ( , ) [ ( , )] [ ( , ) ]
2

( 1) ( 1)| ( ) | ( ) ( , )
2 2

k

k l

l

v k k k

u V P u V G u V P u V G i

v

k k
Kf G r v u r v u r v u k r v u k r v w i

k k l l
k V G Kf G kl l r v w

    


        

 
      

    
 

and 

0

1 0 0 0
( ) ( ) ( ) ( ) 1

0 0

( 1)( ) ( , ) ( , ) ( , ) [ ( , )] [ ( , ) ]
2

( 1) ( 1)| ( ) | ( ) ( , )
2 2

l

k l

k

w l l l

u V P u V G u V P u V G i

w

l l
Kf G r w u r w u r w u l r w u l r w v i

l l k k
l V G Kf G kl k r w v

    


        

 
      

    
 

So, 1 1 0 0( ) ( ) ( )[| ( ) | ( , ) 1]
l kw vKf G Kf G l k V G r v w     . Since 0 0| ( ) | 1 ( , )V G r v w   and 0l k  .  

Then 1 1( ) ( )
k lv wKf G Kf G . Thus, 

12 1 1 1( ) ( ) ( , ) | ( ) | 1 ( )
k l lv w G l k wKf G Kf G r w v V G Kf G     . Therefore 2 1( ) ( )

k kv vKf G Kf G  .  
Since 2 1 2 1( ) ( ) ( ) ( )

k kv vKf G Kf G Kf G Kf G   . Then we get 2 1( ) ( )Kf G Kf G .  
 Claim 3. G0 ∈ n is the graph with the minimal Kirchhoff index, the central vertices of the stars must 

have three neighbors besides the leaves of the stars. 
Proof. In Fig.1 (4), for the graph G there is an automorphism  such that 0 0( ) ( )v  , | ( ) | 3V G  , and 
0 0( , ) 2d v w  . Then, for any u∈V(G), 0 0( , ) ( , )r v u r u . In Fig.1 (5), note that i j m  , for any vertex q ∈ 

V(G) , by Lemma 1.5 we have 
1 2

( , ) [1 ( , 1)] ( , ) ( , 1) ( , )G G G G Gr l q r l l r l q r l l r l q       .  
If 1 [ / 2]l i   then 

1 1
( , ) ( 1, )G Gr l q r l q  ; and if [ / 2]i l i   then 

1 1
( , ) ( 1, )G Gr l q r l q  . So the relation of 

( )
lvKf G and 1( )

lvKf G  is 1( ) ( )
l lv vKf G Kf G  when 1 [ / 2]l i  , and 1( ) ( )

l lv vKf G Kf G  when [ / 2]i l i  . Thus, we get 
the graph G0 as shown in Fig.1 (6). 

 
Fig. 2 The transformation III and the extreme graph  

 Claim 4. In Fig.2 (7), we assume that Ti and Tj are nontrivial stars in G1, which are hanging to the 
central vertices vi and vj , respectively, and assume that ui is a leave of Ti and uj is a leave of Tj. When 

1 1( ) ( )
i ju uKf G Kf G . We apply the transformation III to G1. The resulting graph is G2 (as shown in Fig. 2 

(7)). Then 2 1( ) ( )Kf G Kf G . 
Proof. For any two vertices , ( ) \k l t jv v V G u (t=1,2), we know that

1 2
( , ) ( , )G k l G k lr v v r v v  and 

 12 2 1 1 1( ) ( ) ( ) ( , ) 2 ( ) ( )
j i i i ju u u G i j u uKf G Kf G Kf G r u u Kf G Kf G      . 

So, 2 1 1 2 1( ) ( ) ( ) ( ) ( )
j ju uKf G Kf G Kf G Kf G Kf G    . 

By Claim 4, we have the following Claim 5: 
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 Claim 5. G0 ∈ n is the graph with the minimal Kirchhoff index, Si is the only nontrivial star with the 
central vertex vi. 

Claims 1, 3 and 5 demonstrate the following Theorem . 
Theorem  If  G∈ n , and t

nG   ( t

n is shown as in Fig.2 (8), the number of the vertices on the 
essential circles is t), then ( ) ( )t

nKf G Kf  . 

2.2. The minimal Kirchhoff index and the corresponding graph  

We consider the graph t

n . For t

n ,  if t=4, i=3 and j=4,  denote t

n by '
1t

G ; and if t=5, i=3 and j=5, 
denote t

n by '
2t

G ; and if t=6, i=4 and j=6 , denote t

n by '
3t

G ; and if t=6, i=3 and j=6 , denote t

n by '
4t

G . 
According to that Lemma 1.6,  we obtain that '

1
( ) 15 / 4 11

t
Kf G n  by choosing the edge 13e , '

2
( ) 53 /11 175 /11

t
Kf G n   

by choosing the edge 13e , '
3

( ) 89 /15 107 / 5
t

Kf G n   by choosing the edge 14e , and '
4

( ) 87 /14 317 /14
t

Kf G n   by 
choosing the edge 13e . So, by simple comparing we find that ' '

1 2
( ) ( )

t t
Kf G Kf G (n ≥4.60),  ' '

2 3
( ) ( )

t t
Kf G Kf G  (n≥ 4.93) 

and ' '
3 4

( ) ( )
t t

Kf G Kf G ( n ≥ 4.43). Thus, when n ≥ 5, we have 
' ' ' '
1 2 3 4

( ) ( ) ( ) ( )
t t t t

Kf G Kf G Kf G Kf G   . 
In general, if the shortest length of three internally paths in t

n  is one, we denote this shortest path by 
13e , then by Lemma 1.6 we get 

2 2
' 1 1 1

[ ( , ) ( , )] [ ( , ) ( , )]
( ) ( )

4[1 ( , )]

n n n

k k k
n i k j k i k j k

Kf G Kf G
i j

  
     

 


  

 and (1,3) 2( 2) /t t   . And by Lemma 1.5 we have 3 2( ) ( ) /12 ( )( 11) / 6Kf G t t n t t     . Also, if k=1 then 
2 2 2[ (1,1) (3,1)] 4( 2) /t t    ; and if k=2 then 2[ (1,2) (3,2)] 0   ; and if k=3 then 2 2 2[ (1,3) (3,3)] 4( 2) /t t     ; and if 

4≤k≤t then 2 2 2 2[ (1, ) (3, )] [( 1)( 1) / ( 3)( 3) / ] (2 4 8) /k k k t k t k t k t t k t             ; and if t+1≤k≤n then 
2 2 2 2

1
[ (1, ) (3, )] ( )[ (1,3)] 4( )( 2) /

n

k t

k k n t n t t t
 

         

Since 
2 2

2
2

1 1

4( ) ( 2)[ (1, ) (3, )]
n n

k k

n t t
k k

t 

 
     . Thus, 

4 3 2
' 3 (6 16) (24 117) (126 140) 144( )

12(3 4)
t n t n t n t n

Kf G
t

       



, 

and the derivative of '( )Kf G about t is 
4 3 2 3 2

2
27 144 543 936 560 (36 144 192 72)

12(3 4)
t t t t n t t t

t

        


 

We note that the denominator of above fraction is a positive number, and when t≥4 we have 
3 2 236 144 192 72 12 (3 12 16) 72 0t t t t t t        . Since t≤ n. Then 

4 3 2 3 2

4 3 2 3 2

2 2

27 144 543 936 560 (36 144 192 72)
27 144 543 936 560 (36 144 192 72)

9 ( 39) 864 560

t t t t n t t t

t t t t t t t t

t t t

        

         

     
If t≥5 then 2 29 ( 39) 864 560 0t t t    , thus '( )Kf G is increasing with the increase of t. If t=4 then 

2 29 ( 39) 864 560 0t t t    , by comparing '
1t

G and '
2t

G we know that ' '
2 1

( ) ( )
t t

Kf G Kf G . Therefore, if the shortest 
length of three internally paths in t

n  is one, then the minimal Kirchhoff index is 15 / 4 11n   and the 
corresponding graph is , 4n n (as shown in Fig.2 (9)). 
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