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Abstract. To achieve fault tolerance in a parallel or a distributed network, some spare processors and extra
links can be added so that the network can continue to operate even in the presence of some failures.
However, due to the limitation on the number of links adjacent to a node in a VVLSI design, it is important to
minimize the node-degree of the whole network. We use this criteria to develop optimal solutions for
tolerating one and two node failures in the bipartite graph K(n,n). This configuration includes, as special
cases, some important networks (such as stars and trees), and moreover, it was used in modeling many
important applications (e.g., matching, scheduling, coding, etc.).
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1. Introduction

Fault tolerance is a major concern in the design of parallel and distributed networks [1]. For many
applications, it is essential for the network to continue operation even in the presence of faults. To achieve
this objective, some spare processors and extra links must be added to the network. In this case, when some
of the basic components fail, the network can be reconfigured to bypass and replace these defective
components with healthy nodes and links.

Expanding a multicomputer network in order to tolerate failure has been examined for a variety of
architectures, (such as rings [2-5], stars [6-8], meshes [9-13], and hypercubes [9, 13, 15]). In this paper, we
study this problem for the complete bipartite configuration K(n,n). The optimization criterion used is to
reduce the node-degree of the (expanded) network. This is an important objective in practice due to the
limitation on the number of links allowed per node in a real implementation [1]. Moreover, this criterion
tends to significantly reduce the number of links of the whole network [16].

It is well-known that finding a fault-tolerant design that is optimal (with respect to the above criterion
mentioned) is generally very difficult even for networks with a regular structure. Indeed such optimal
solutions are known only for a few special cases. We develop optimal solutions for complete bipartite graphs
K(n,n) that can tolerate one or two node failures. This generalizes the earlier results [7]. The bipartite
configuration is used in many applications, such as scheduling, matching, coding theory, etc. Moreover,
several network topologies can be modeled as a bipartite graph such as stars and trees, for examples.

The rest of this paper is organized as follows. The problem is defined in Section 2, and the formulation is
given in Section 3. Finding optimal 1-ft and 2-ft solutions of K(n,n) will be examined in Sections 4 and 5;
respectively. The 1-ft case was also studied independently in [7]; however, we simplify the proof here to
make this paper self-contained. Our conclusions are given in Section 6.
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2. The Problem

In what follows, we use a graph to represent a network, where the nodes and the edges correspond to the
processors and the links; respectively. The degree of a graph is defined as the maximum degree of any node
in it.

Definition 2.1: (graph isomorphism)

A graph G; is isomorphic to a graph G, (or equivalently, G; is an isomorphic copy of G,) iff there is a 1-
to-1 correspondence between their nodes that preserves adjacency, i.e., there is a bijection (function) f from
the nodes of G; to the nodes of G, such that (u, v) is an edge in G, iff ( f (u), f (v)) is an edge in G.,.

Definition 2.2: (k-ft solution)

A graph H is a k-fault-tolerant (or k-ft) of a graph G iff, for every possible set of k nodes in H, the graph
obtained by removing this set of k nodes from H must contain an isomorphic copy of G.

For example, the graph in Fig. 1 has a 1-ft solution shown in Fig. 2. In designing a k-ft solution H of G,
we use the minimum number of spare nodes, i.e., H will have exactly k more nodes than G.

5 4 _ 5 4
6
1 3
! 2
Fig. 1: A graph G. Fig. 2: A1-ft H of G.

Definition 2.3: (optimal k-ft)

A graph H is called a degree-optimal (or just optimal) k-ft of a graph G, if it is a k-ft of G and has no
higher degree than any other k-ft for G.

Definition 2.4: (multipartite graph)

A multipartite (or g-partite) graph is a graph G whose nodes can be divided into g disjoint subsets V,
V3,.., Vg such that no pair of nodes in the same subset is joined by an edge. If there is an edge in G between
every pair of nodes belonging to two different subsets, G is called a complete multipartite graph, and is
denoted as K(|V4|, [Va,..., [Vq]), where |Vj| is the cardinality of the set V, for 1 <j < g. A (complete) 2-partite
graph is also called a (complete) bipartite graph.

For example, the star graph with n > 2 nodes is K(n-1,1). Notice that the complement of K(|V4], |Va,...,
[V4l) consists of the disjoint union of cliques Ky W Kyz U...u Kyg. Unless stated explicitly otherwise, we
assume the subsets V, V,.., Vq are listed in a non-increasing order, that is, V1| < [V < ... < |V)).

Given a complete bipartite graph K(n,n), we would like to find an optimal k-ft solution of K(n,n). For
arbitrary values of k, this problem appears to be intractable, i.e., may require an exponential search. In this
paper, we shall develop optimal 1-ft and 2-ft solutions polynomially, i.e., without performing any search.
Except for these cases, no polynomial solution is known for cases k > 2.

3. Fault Tolerance of K(n,n)

In this section, we develop a characterization for fault tolerance of K(n,n) (based on [7]).
Definition 3.1: (partition)

A partition of n is a collection (or a multiset) of positive integers {a;, a,,..., 8} whose sum is equal to n.
For example, {3}, {2,1} and {1,1,1} are all the partitions of 3. The number of elements in the partition is
called its length, and the sum of its elements is called its size, e.g., {3,2,2} is of length 3 and size 7. We do
not allow zero elements in any partition, i.e., if an element equals to 0 arises, it will be discarded.

We associate with each graph a partition that represents the sizes of its components, e.g., the graph K(3,2)
shown in Figure 1 has only one component of size 5, i.e., its partition is {5}, whereas its complement K°(3,2)
has two components of sizes 3 and 2; respectively, i.e., its partition is {3,2}.
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Two partitions are considered equal if, after sorting their elements, they will become identical, e.g., {2,1}
and {1,2} are equal. Unless stated explicitly otherwise, we assume the elements of any partition {ai, a,, ..., a;}
to be listed in a non-increasing order.

A subpartition of a partition A is one that contains 0, 1, or more of the elements of A, e.g., if A={2,2,1},
then {2,1} and {2,2,1} are examples of subpartitions of A. In what follows, we may loosely use the term
subset to mean a subpartition.

Definition 3.2: (refinement of a partition)

We say that a partition A is a refinement of a partition B (or equivalently, A refines B) if A can be
obtained by further partitioning zero or more elements of B. For examples, {2,2}, {2,1,1}, and {1,1,1,1} are
all refinements of {2,2}.

Definition 3.3: (Dominating partition)

A partition A={ay, ay,..., a;}is said to dominate a partition B={by, b,,..., bj}, (where the elements in both
partitions are listed in a non-increasing order), iff the length of A is greater than or equal to the length of B
and an, > by, for all 1< m <. In this case, we also say B is dominated by A. For example, {7,4} dominates
{7,3}, but {2,2} does not dominate {1,1,1}.

Theorem 3.1: Let S be a graph with 2n+k nodes, and let the partition of its complement S° be {a;, a,,...,
a;}. Then, S is a k-ft of K(n,n) iff every partition of size 2n dominated by ={ay, a,,..., &} must be a refinement
of {n,n}.

Proof: Assume without loss of generality all components of S° are complete subgraphs. Suppose first
every partition of size 2n dominated by {a;, a,,..., a;} is a refinement of {n,n} and let W denotes any 2n-node
subgraph of S°, that is, W is obtained by deleting k nodes from S°. Then, we can group all components of W
into two parts each is of size n nodes, i.e., W is a subgraph of K°(n,n) or equivalently, the complement of W
contains K(n,n). This implies S is a k-ft of K(n,n).

Similarly, let B be any partition of size 2n dominated by {ai, a,,..., a;} and is not a refinement of {n,n}
and let W denotes a subgraph of S° whose component sizes corresponds to B, i.e., W is obtained by deleting
some k nodes from S°. Then, we cannot group the components of W into two parts each is of size n, i.e., W is
not a subgraph of K(n,n), or equivalently, the complement of W does not contain K(n,n), which implies S
cannot be a k-ft of K(n,n). o

Example 3.1: By above theorem, K(2,2,2) is a 2-ft of K(2,2), since the only partitions of size 4
dominated by {2,2,2} are {2,2} and {2,1,1}; and both are refinements of {2,2}.

Example 3.2: For any k 3L, K(n,n) has a k-ft equal to K(n,n,1,...,1); i.e., with k 1’s at the end.

Example 3.3: K(4,4) is not a 2-ft of K(3,3), since {4,2} is dominated by {4,4}, yet {4,2} is not a
refinement of {3,3}.

The proof of the above theorem implies that for any k-ft S of K(n,n), S is either a complete multipartite
graph or S contains a complete multipartite graph of size 2n+k. This proves the following result.

Corollary 3.1: An optimal k-ft of K(n,n) must be a complete multipartite graph. o

Example 3.4: Both K(4,4,1,1) and K(4,2,2,2) are 2-ft of K(4,4). However, the solution K(4,2,2,2) is
cheaper in node degree and (as will be shown later) it is actually optimal.

The above result reduces our search for an optimal k-ft solution considerably, since we only need to
check the graphs K(a;, as,..., &;) satisfying the condition of the above theorem and whose least element a; is
the largest (among all other k-ft solutions). We develop optimal solutions for 1-ft and 2-ft solutions in the
next sections.

4. Optimal 1-ft of K(n,n)

We develop optimal 1-ft for K(n,n). To simplify our results, we present them first in the form of an
algorithm which finds the solutions for all values of n. The proofs are given below the algorithm.
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Algorithm Find_Optimal_1ft (input K(n,n))  // Return optimal 1-ft of K(n,n) {
if (n ==1) return K(1,1,1);
if (n is even) return K(n/2 +1, n/2, n/2, n/2);
else if (3 divides n) return K(2n/3 +1, n/3, n/3, n/3, n/3);
else if (3 divides n-1) return K((n+2)/3, (n+2)/3, (n+2)/3, (n-1)/3, (n-1)/3, (n-1)/3);
else return K((n+4)/3,(n+1)/3, (n+1)/3, (n+1)/3, (n-2)/3, (n-2)/3);

It is not hard to check K(1,1,1) is the only 1-ft for K(1,1), and therefore, must be optimal. In the rest of
this section, we assume n > 2. The theorem below identifies optimal solution when n is even.

Theorem 4.1: If n is even, the graph K(n/2 + 1, n/2, n/2, n/2) is an optimal 1-ft of K(n,n).

Proof: Suppose K(ay, a,..., &) is a 1-ft of K(n,n), and let n be even > 2. Then, the least element g; is at
most n/2. Otherwise, we can obtain a reduced partition of size 2n from {ay, a,,..., 8} by reducing any element
whose value is n by 1 or reducing the (least) element a; by 1, if no element is equal n; where in both cases,
the newly reduced partition will not contain a subset whose size add to n, i.e., cannot be refinement of {n,n}.
This contradicts our assumption that K(ay,as,...,a;) is a 1-ft of K(n,n).

It is not hard to check the graph K(n/2 +1,n/2,n/2,n/2) is a 1-ft of K(n,n), and since its least element is n/2,
it must be optimal.

To solve the cases where n is odd, we need first to develop some conditions on the solutions (in the 3
lemmas) below.

Lemma 4.1: Let K(ay, a,,..., a;) be a 1-ft of K(n,n), and let its least element a; be > 1. Then, the largest
element a;is<n.

Proof: If a; > n+1 or a;= n, we can reduce it by 1 to obtain a new partition of size 2n that is dominated by
{a, a,,..., a;} but not a refinement of {n,n}, as no subset of its elements that includes the reduced element (a,
-1) will add to n.

Otherwise, if a;= n+1, we can reduce any other element (e.g., a,, as,..., Or @) by 1 to obtain a new
partition of size 2n dominated by {a;, a,,..., a}, but not a refinement of {n,n}. Thus, all cases above where a;
> n lead to a contradiction.

Lemma 4.2: Let n be odd > 2 and K(ay, a,,..., &;) be a 1-ft of K(n,n). Then, the least element a; is either 1,
or the number of elements (i.e., the value of i) must be > 5.

Proof: It is not hard to check, for example, that K(n,n,1) is a 1-ft of K(n,n). Otherwise, suppose a; > 1 in
the 1-ft K(a;, a,,..., &;). The proof that the number of the elements (i.e., the value of i) cannot be 1, 2 or 3
follows from lemma 4.1 (which shows each element must be less than n in this case). Otherwise, suppose the
number of elements in the partition is 4, i.e., has the form {as, a,, as, as}. Then, since the sum of all these 4
elements (2n+1) is odd, therefore, either 3 of them are even and one is odd, or 3 of them are odd and one is
even. In the former case, we can reduce the odd element by 1 to obtain a new partition of size 2n whose
elements are all even (and each is < n); and in the latter case, we can reduce the only even element by 1 to
obtain a new partition whose elements are all odd (and each is < n). Thus, in both cases, the reduced partition
obtained cannot be a refinement of {n,n}, which contradicts the assumption that K(a,, ay,..., &) is a 1-ft of
K(n,n).

Lemma 4.3: Let n be odd > 2 and K(ay, a,,..., &) be a 1-ft of K(n,n). Then, a; < n/3.

Proof: Suppose to the contrary that a; > n/3, this implies that the number of elements (i.e., the value of i)
is > 5 (as was shown in the earlier lemma), and since n is odd, this means 3 divides either n, or n-1 or n-2. If
3 divides n or divides n-1, the sum of any 3 elements in the partition {a;, a,,..., a} will exceed n+1, and
therefore, reducing any element in it by 1 will result in a new partition (of size 2n) that is not a refinement of
{n,n} since the sum of any 3 elements in it will exceed n. Similarly, if 3 divides n-2, the sum of any 3
elements in {ay, a,,..., &} will be at least n+1, (as a; will be at least (n+1)/3 in this case), and therefore, at least
one of the element in this partition must be > (n+1)/3, since 2n+1 is not a multiple of (n+1)/3; and therefore,
if we reduce the largest element by 1, the resultant partition will not be a refinement of {n,n}, since the sum
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of any 3 or more elements in it will exceed n. Thus, all cases above lead to a contradiction with the
assumption that K(ay, ay,..., ;) is a 1-ft of K(n,n).

Theorem 4.2: If n is odd integer > 2, an optimal 1-ft solution of K(n,n) can be defined as follows:
- if 3 divides n, this solution is K(2n/3 +1, n/3, n/3, n/3, n/3);
- if 3 divides n-1, this solution is K((n +2)/3, (n +2)/3, (n +2)/3, (n —1)/3, (n —1)/3, (n —1)/3);
- if 3 divides n-2, this solution is K((n + 4)/3, (n + 1)/3, (n + 1)/3, (n +1)/3, (n — 2)/3, (n —2)/3).

Proof: It is not hard to check each solution given to be a 1-ft of K(n,n), and moreover by Lemma 4.3, the
least element of each solution is the largest possible, i.e., must also be optimal.

Example 4.1: K(4,4) has an optimal 1-ft equal to K(3,2,2,2).
Example 4.2: K(15,15) has an optimal 1-ft equal to K(11,5,5,5,5).
Example 4.3: K(37,37) has an optimal 1-ft equal to K(13,13,13,12,12,12).

5. Optimal 2-ft of K(n,n)

We develop optimal 2-ft solutions of K(n,n) in this section. We present our results in the form of an
algorithm which finds the solution for all cases of n. The proofs are removed due to the space limitation.
(However, the initial draft was reviewed with all the proofs included for all cases.).

Algorithm: Find_Optimal_2ft (input K(n,n)) //Return optimal 2-ft of K(n,n) {
if (n==1) return K(1,1,1,1);
if (n == 2) return K(2,2,2);
if (n == 3) return K(3,3,1,1);
if (n == 4) return K(4,2,2,2);
if (n >4 and 3 divides n) return K(n/3 +1,n/3 +1,n/3,n/3,n/3,n/3);
if (n >4 and 3 divides n+1) return K((n+4)/3,(n+4)/3,(n+1)/3,(n+1)/3,(n-2)/3,(n-2)/3);
if (n >4 and 3 divides n+2 and 4 divides n) return K((n/2, n/2, (n+4)/4, (n+4)/4, n/4, n/4);
if (n >4 and 3 divides n+2 and 4 divides n-2) return K((n/2,n/2,(n+6)/4,(n+2)/4,(n+2)/4, (n-2)/4);
if (n >4 and 3 divides n+2 and 4 divides n-1)
return K((n+1)/2,(n+3)/4,(n+3)/4,(n+3)/4,(n-1)/4,(n-1)/4,(n-1)/4);
if (n >4 and 3 divides n+2 and 4 divides n-3)
return K((n-1)/2,(n+5)/4,(n+5)/4,(n+1)/4,(n+1)/4,(n+1)/4,(n-3)/4);

Example 5.1: K(4,4) has an optimal 2-ft equal to K(4,2,2,2).
Example 5.2: K(15,15) has an optimal 2-ft equal to K(6,6,5,5,5,5).
Example 5.3: K(34,34) has an optimal 2-ft K(17,17,10,9,9,8).

6. Conclusions

A major concern in designing multicomputer networks is to include fault tolerance capability. This is
important for many applications that require the system to operate correctly even in the presence of faults.
Fault tolerance is usually achieved by introducing redundancy, i.e., by adding spare processors and extra
links. However, due to the limitation on the number of links allowed per node, it is important to minimize the
node-degree of the overall network. We have applied this strategy to the design of optimal fault-tolerant
solutions of K(n,n)networks. The solutions developed here are optimal and can handle one and two node
failures. Beyond this, no polynomial solution is known for solving the problem, that is, there is a lot of room
for further research on this configuration.
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