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Abstract. The aim of this work is to create an approximate mathematical model of a helicon type 

plasma source (coaxial pulsed plasma thruster) and calculation based on the developed 

multiparameter computational model.  

Introduction 

The aim of a given work is to build up close approximated mathematical model which will allow to 

compute main electrophysical characteristics of a coaxial magnetoplasma accelerator (CMPA) with 

the voluminous energy source and the system of preionisation of working gas on the basis of a 

helicon discharge [1-3]. 

Mathematical model of excitation and absorption of eigenwaves in RF-ion source with a 

magnetic field 

Consider the first element of an approximated mathematical model of High Frequency (RF) Ion 

Source. This mathematical model describes processes connected with absorption and excitation of 

voluminous eigenwaves in RF ion source. We introduce the concept of electron 
H  and ion 

H gyrofrequency and plasma electron p  and ion p  frequency accordingly. These values can be 

written as (1): 
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where 
em  and 

iM  are electron and ion mass accordingly. 

Helicon waves in a plasma of RF discharge (with the external magnetic field) can take place, 

when the following condition [4]: 
H , 

LH   , 
PH    is fulfilled for the frequency   of 

external power generator.  

First, select the cylindrical coordinate system  , ,r z  with unite vectors  0 0 0, ,r z . These 

coordinates are connected with Cartesian coordinate relations: 

cosx r  ,  
1 2

2 2r x y  ,  siny r  ,  arctan y x .                     (2) 

Maxwell's equations in cylindrical coordinates take the form: 
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where 
0 /k c  is wave number in free space. 

The equations of continuity may be written (4): 
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The relation between the transverse components of the vector in cylindrical and Cartesian 

coordinates is given by the ratio (5): 

cos sinr x yA A A   , cos sinx rA A A    ,                 (5) 

sin cosx yA A A     , sin cosy rA A A    . 

Constitutive equations [5] are written in the following way (6): 

D E  , B H ,                                               (6) 

where   is the tensor of dielectric permeability of magnetoactive plasma. Constitutive equations in 

such a form mean that value H is identified with magnetic induction B. 

Under mathematical description of physical processes in RF-ion source lets assume that solid 

medium present in gas discharge chamber is low temperature plasma, uniform external magnetic 

field 0 0
B

t





 is directed towards axis z of a cylindrical coordinate system. In this case the tensor of 

dielectric permeability of plasma   is (7): 
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Tensor components   в are set by (8) in a two-component plasma consisting [6] electrons and 

ions distributed according to Maxwell distribution, at the account of electron and ion neutral and 

electron-ion collisions in a plasma, ignoring electron-electron collisions (8): 
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where ω is the frequency of high frequency magnetic field emerging in a helicon plasma from 

antennas of different configurations, ,Li Le are the Langmuir frequencies of ions and electrons 

with densities ni and ne, respectively, e , i   is the Larmor frequency of rotation of electrons and 

ions in the external magnetic field B, TeV , TiV  is the thermal velocity of the electrons and ions, 

0en Te ionv n V   is the frequency of collisions (with ionization) of electrons with neutral particles, 0n  

is the concentration of neutral particles in a plasma of helicon discharge, ion  is differential cross 

section  of electron ionization of neutrals, ,ei kv  is the medium frequency of electro-ion collisions 

(with ion of the k type) with the impulse transfer: 
 11
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energy of Fermi degeneration,  exp f eE kT   is the parameter of plasma degeneration, 

describing among other things limited cases - classical ( 1 ), and completely degenerate ( 0 ) 

plasma, kn  is the concentration of k type ions. 

The Coulomb logarithm considering the interaction of electrons and ions ln ei  is defined by 

relations [7]. The medium frequency of ion-ion collisions is equal to:   
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3
]. 

Collision and non-collision (Cherenkov and cyclotron) absorption of electromagnetic waves in a 

plasma are taken into account in tensor (8) of a dielectric permeability of a plasma  . The 

exponential items describe the absorption of voluminous eigenwaves in a plasma using non-

collision Landau mechanism, and the other items correspond to collision absorption of 

electromagnetic waves.  Maxwell’s equations in cylindrical coordinates (3), (4) with the account of 

a special type (7), (8) of dielectric plasma permeability   and 0





 take the form (10): 
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Assume for analytical solution of equations system (10) that all the coefficients of this system are 

close to the coefficients calculated by thermodynamic parameters of plasma received by averaging 

the volume of gas discharge chamber of a helicon discharge. We simplify the solution of Maxwell’s 

equations, taking only one particular member of Fourier series (one mode approximation) on z 

coordinate:      , , , exp zE r z t E r i t ik z    ,      , , , exp zB r z t B r i t ik z    , z

n
k

L



.          

Following the work [8] it is possible to find the solution of the equation (11). To calculate the 

power emitted in a plasma of a helicon discharge Whel we use the following formula (11): 

          22 2Im Im Im

0
4

R

Hel r z r r

L
W r E E E ig E E E E dr  


   

     .     (11) 

Active resistance of an antenna is defined on the basis of correlation:
02

Ant

A

L
R

R


 
, where LAnt  is 

the antenna length along its constant, σ0 is the electroconductivity of antenna material,  δ  is the 

classical width of a skin-layer, R  is the radius of a discharge chamber of helicon discharge. 

Total antenna resistance should consider the phenomenon of self induction:  

2 2 2
Ant A ef

R R L  , where Lef  is the equivalent antenna induction.  

The second element of approximated mathematical model of RF ion source is fully described in 

work [9]. This element allows to find mathematical connections ( 2
hel ec Ant helP I R W  ) between the 

power Whel inserted into the plasma of a helicon discharge (Phel is the power supplied to the antenna) 

and termophysical parameters of a plasma. 

Mathematical model 

Accelerating channel of a coaxial magnetoplasma accelerator (CMPA) is built on the principle 

“pipe in the pipe”, i.e. represents  spatial area between two pipes of different diameter (cylindrical 

and central electrodes) which are situated one inside the other. 
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Cylindrical electrode has the shape of a pipe of a constant cross section and possesses a bigger 

diameter  (2R2) than a central electrode (placed at the axis of a symmetry) which is also a pipe, but 

of a smaller diameter (2R1). Besides, the construction of the accelerator includes solenoid (inductor) 

consisting of a system of turns (with the diameter 2R1) with a circular transverse cross section.  

The plasmoid is created by feeding voltage U0 and following cut between cylindrical and central 

gas electrodes coming into accelerating CMPA. Then, plasmoid by electromagnetic method is 

compressed and accelerated (in the direction of symmetry axis). Under this, electrodynamic 

acceleration formed in an accelerated channel of a plasmoid, based on the interaction (described by 

Ampere’s law) of magnetic field of an electric circuit with current carrying plasmoid. 

The calculation of an electromagnetic force F, acting on the accelerated plasma is performed on 

the basis of a general expression given in the paper [10] with the usage of current forces Jj, Ji, 

flowing arbitrary circuits in the system “CMPA - accelerated plasma” (12): 
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 ,                               (12) 

where Jj, Ji are the currents flowing in j and i circuits, Lij  is the coefficient of mutual induction j and 

i is the circuits, q is the generalized coordinate.  

Within the framework of made assumptions expression (12) can be written as: 
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 ,                           (13) 

where J is the current in a circular turn of the inductor or, which is the same, current in an electric 

circuit of the acceleration system, L is the sum inductivity of the whole electromagnetic acceleration 

system of CMPA. 

The original equation system, corresponding to a model configuration describing the dynamics of 

electromagnetic acceleration (with ideally conducting features) with the usage of a capacitor energy 

accumulator C0 : 

– the equation of electrotechnical circuit (14):  

 
d

U RJ LJ
dt

  , 
0

dU J

dt C
  .                                (14) 

– the equation of the accelerated plasmoid (15): 
2

2 2
2 2 1

( )
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dV J dL
M P R R

dt dz
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dz
V

dt
 .                (15) 

The following designations are introduced here: C0  is the capacity of condenser power source of 

the system; U  is the voltage at capacitor accumulator at the time t; L=L0+L1+L2+L3 is the sum 

inductivity of the equivalent electrotechnical circuit including constants L0 (inductivity of capacitor 

accumulator and feeding bus bars), L1 (sum turn inductivity with the current coming into the 

inductor), L2 (summed mutual inductivity of all i and j circuits comprising the inductor), L3(t) is the 

inductivity of CMPA system variable in time; R=R0 + Rind  is the summed active resistance of 

feeding bus bars (R0) and inductor (Rind); dz/dt=V, M(t) is the velocity and mass of the accelerated 

plasmoid. 

Use the formula (16) to calculate the inductivity L4(t) of coaxial system and its linear inductivity l 

(inductivity of a length unit of CMPA) [11]: 

 3L t z , 
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0 2
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ln
4

J R
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,                                 (16) 

where R2, R1 are the radii of central and external electrodes correspondingly, 7

0 4 10   [Hn/m]  is 

the magnetic permeability of the vacuum,  z  is the  longitudinal coordinate CMPA along which an 

accelerated is disseminated. 

 Some results of physical characteristics of RF source 
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The experimental [12] and computing dependences of effective resistance of plasma Reff  on the 

value of external magnetic field B0, received using combined version of computer code are given in 

Fig. 1. The operating frequency of the antenna 13,56 MHz, gas Ar: Р = 5 mTorr, R = 7,5 cm, L = 20 

cm. To receive practically necessary spatial distribution of ion current density j, temperatures Te, Ti, 

electron and ion densities in gas discharge chamber and the thrust, it is necessary to develop more 

exact models of RF plasma source. 
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Fig.1: Comparison of experimental (1) and calculated (2) dependences of the effective plasma resistance Reff on the 

external magnetic field B0 

Conclusions 

The approximated mathematical model of high radio frequency ion source of a helicon type plasma 

and coaxial multi plasma accelerator is presented. Such devices can be used for high temperature 

plasma applications [13-18]. The initial verification of computing results on the basis of a group of 

experimental data is done. These computations were done with the use of self-approved 

approximated mathematical model of RF plasma source. The estimate of various power types 

contributions into the process of acceleration and transformation of one type of energy into the 

other is performed. Analyzed RF installations can be used as the thrusters for orbital correction and 

for geostationary or low orbit spacecrafts. 
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