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Abstract: We introduced three new accuracy metrics which are Dynamic Precision, Prediction Rate and
Prediction Efficiency at first and then we did the link prediction experiments with four real networks which
are USAIr, NetScience, Jazz and metabolic. After analysis the experiments’ results, we found that most
missing edges of different networks in different prediction results gathered in the similar interval which is the
top one fifth of the total number of the original network’s edges. We also found that the accuracy of link
prediction could hardly get a high value when the missing edges’ ratio is too few and it will drop sharply
when the ratio is too large. These conclusions could provide basically reference for link prediction’s practical
application in future.
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1. Introduction

According to the situation of network, the link prediction problems can be divided into two kinds. The one
is that the observer got partially network and should predict the unknown part, the other is that the observer
got the whole network and should predict the network in future [1], [2]. It has not only many practical
applications but also important theory significance by researching these two different situations. Been widely
used in many fields, such as data mining in computer science [3], [4], friends recommendation in social
network [5], [6], threats uncovered in terrorist network and protein interaction in biological area [7], link
prediction has become a hot research area in complex network [2] and the related works provided important
reference for studying the evolutionary mechanism and clustering of complex network’s fundamental domain
[8].

The link prediction algorithms also can be divided into two kinds which are supervised and unsupervised.
The supervised are based on learning a binary classifier that will predict whether a link exists between a given
pair of nodes or not. They always create a mapping function by combining the machine learning with the
network’s attributes. This kind of algorithms are receiving much more attention and have been widely used
recently [9], [10], [11]. But the nodes’ and edges’ attributes of different networks are always diversity and
hard to obtain, this constrain the application of the supervised algorithms [2]. Compare with the supervised,
the unsupervised is more easy and intuitive. It predicts the links just by calculating the topology similarity
between the given pair of nodes. The similarity could be measured by neighbors, path, random walk [1], [2]
or the whole structure of networks [12]. In recent research, some new supervised algorithms which based on
multi-resolution community [13], the perturbation of the adjacency matrix [14] and generalized clustering
coefficient [15] were proposed. All of those algorithms always have low computational complexity and good
performance in prediction accuracy. Although it has so many advantages, there’s still one inevitable problem
which leads by the unsupervised algorithms itself. Because the unsupervised calculate all pairs of nodes which
without links, it always gets much more links than the original especially the sparse networks. But we always
don’t know the exact number of missing links in the practical application of link prediction, so how to
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determine the quantities of results has become an important thing. The link prediction’s best value interval
must have more correct results and less incorrect results.

In order to solve this problem, we described it with strict mathematical language and listed six
representative unsupervised link prediction algorithms and two main accuracy calculation methods at first.
Then we gave the definitions of the three new metrics for accuracy calculation and introduced the tools,
platforms and four real networks which were used. After that, we designed our experiment and got the
distribution regularities of every network’s prediction results by analyzing the experiments’ results. These
distribution regularities could provide a quantitative standard and an easy way to determine the link
prediction’s best value interval when we don’t know the exact number of missing links in the practical
application of link prediction.

2. Basic Concepts and Methodology

2.1. Problem Description

Define the uncompleted and undirected network asG(V,E), V =[v,,V,,---,v, ] is the collection of
nodes, and N = V| is the sum of the nodes; E =[e,,e,,:+,e,,] is the collection of edges, and M =|E| is
the sum of the edges. For the undirected network, the max sum of the edges could be N (N —1) / 2. Suppose
the collection of all possible edges is|U| =N (N —1)/2 , it is obvious that E — U . The complementary set of
E isE'=[e],e), &, ], sotherewillbe E'NE=® and E'UE=U.

The link prediction problem could be described as finding a predict function f; , this function will give
every edge inE’ a weight which is Se; =, () and then sort all the edges by weight. The bigger of the
edge’s weight, the higher probability of edge’s existence. In order to test the accuracy of the function f; , the
traditional way is to divide the collection of edges into two parts at first, which are the training set E' and the
testing set E” and let ETUUEP =E and ET N E" =® . The split ratio a:‘EPV|E| is usually fixed and
equals to 0.1. Then after using the function to the training set, we can get the result set E, comparing the
testing set with the result set by the evaluation algorithm g, we can get a score PSCorefi which measure the
accuracy of the function f,. The higher accuracy of the function f, just means that this function is more
suitable for the network than other functions. But the suitable function will still give us a huge result that
‘ER‘ >>|E| especially for the sparse networks. In most practical applications, the predictors always don’t
know the exact number of missing links. So even though the predictor could find the suitable function through
the traditional way, they still didn’t know how many edges they could get from the huge result set E? .

Hence, in order to get the distribution regularities of the prediction results, we expanded the traditional
way of testing the accuracy of the function. We set the testing set E” in different ratio and did the prediction
experiments. Then we got the missing links’ distribution in the results under different ratio. Through these
distributions, we can determine the best value interval of link prediction in the future applications.

2.2. Typical Unsupervised Methods

As we mentioned before, the link prediction algorithms can be divided into supervised and unsupervised.
The most essential and widely used part of unsupervised method is to predict the links by calculating the
topology similarity between nodes. Our research is focused on this kind of methods. These methods can be
divided into two different parts which are based local information or global information. The algorithms based
local information include Common Neighbor (CN), Jaccard, Salton, Preferential Attachment (PA), hub
promoted index (HPI), hub depressed index (HDI), LHN-I, Adamic-Adar(AA) and etc. The global
information algorithms always calculate the similarity by the multiple order adjacency matrixes or the Laplace
matrix of network. They are Local Path index (LP), All Path index (Katz), LHN-II, Average Commute Time
(ACT), Simrank and etc. We choose six typical algorithms as follows:
1) Jaccard

Jaccard predicts the links totally by the local information of nodes. Suppose there may be a link between
node X and node y, the probability of the link existence depends on the ratio between this pair of nodes’
neighbors’ intersection and union. It can be formulated as follow:
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For the node x in graph G, define the collection of this node’s neighbors asF(X). The result Sxy is the
probability of the link existence, it can be proved that 0<'S, <1.
2) PA

The PA predicts the links between two nodes just by the product of their degree. So it has the lowest
complexity in all the algorithms. It can be formulated as follow:

S,y =k(x)xk(y) (2)

)

The k(x) is the degree of node x.
3) AA

This index defined by Adamic and Adar. It was suggested to define similarity between people from their
personal homepages. It predicts the links between two nodes by the degree of their common neighbors. It can
be formulated as follow:

1

S,, = 3
N Zer%r‘?r(y) gk () ©

4) Katz

Katz is the most typical method in all the unsupervised link prediction algorithms based global
information. It calculates the probability by using the graph’s multiple order adjacency matrixes. So it
considers the influence of all length of paths. It can be formulated as follow:

S=BA+L° N+ [N+ .+ A (4)

The parameter A is the adjacency matrix of network G (V, E) , and the parameter £ is the weight factor.
The result S is a matrix of order N. Every element of this matrix represents the probability of each pair of
nodes’ link existence. So in order to get the convergence result, the parameter £ must smaller than the
reciprocal of the adjacency matrix’s max eigenvalue.

5) ACT

The ACT calculates the similarity of two nodes by their average length of path. The average length is
defined as the average commute time. So the shorter of the average commute time is, the nearer of the two
nodes is. It can be formulated as follow:

gACT _ ; ©)

Xy
I+ I;y - 2IX*y
The 1, is the element of the pseudo-inverse of network’s Laplace matrix (L").
6) Simrank

This index suggested by Jeh and Widom. It is defined that the similarity of two nodes depends on their all
neighbors’ similarity. So calculating of the index is a recursive procedure. It can be formulated as follow:

C
Ssim (X Y) === Ssim (XY’ ©
S ( ) ‘F(X)HF(Y) x’el"(x);el"(y) ; ( )

The C is a constant between 0 and 1. It gives the rate of decay (since C < 1) as similarity flows across
edges. In this article, we set the C equals to 0.9.

2.3. Accuracy Calculation

When we got the result by any prediction algorithm, we must evaluate its accuracy. The common metrics
of evaluating the algorithm are AUC, Precision and Ranking Score. This paper picks the AUC and Precision
as our accuracy calculation indexes.
1) AUC
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The AUC calculates the accuracy from overall view. For a specific algorithm, first pick up two edges,
which are A and B, from its result set (E®) randomly. The A belongs to the testing set (E”), and B is an
inexistence edge. Then compare the two edges’ value which can get from result set (E). If the weight of A is
bigger than B, the result will be 1; if the values are equal, the result will be 0.5; otherwise the result will be 0.
Make this comparison n times independently, if the result 1 appear n’times, and result 0.5 appear n” times,

the final result of AUC is:
auc (M +0.5-n% @)

The range of AUC’s value is 0 < AUC <1. If the value is AUC <0.5, it means that this prediction
algorithm is worse than random prediction.
2) Precision

The Precision mainly considers the accuracy of the top L results. For a specific algorithm, first sort all
the results of result set (ER) by its value in descending order. Then pick up the top L results and compare
them with testing set (E”). If there are | edges in testing set, the final result of Precision is the ratio between
| and L. It can be formulated as follow:

presicion = VL 8

For the different algorithms, if the AUC values are basically equal, the higher of the Precision, the better
of the algorithm. In this paper, we define L =100.

The AUC and Precision could measure the accuracy of prediction, but they both have obvious drawbacks.
The AUC pick up the edges randomly, so it just gives a general result from overall view. It cannot reflect the
distribution of the result precisely. The Precision give the accuracy in fixed number, so it isn’t properly for
different networks with different scales. So in order to cover the shortage of these two metrics, we give three
new definitions.

Definition 1 (Dynamic Precision): Similar to the Precision, the Dynamic Precision mainly considers the
accuracy of the top N x £ results. The number N™ =|E"| is the sum of the training set’s edges. The
parameter S could set from 0 to 1. Compare the top N x /3 results with the testing set (E”). If there are |
edges in testing set, the final result of Dynamic Precision is the ratio between | and N x £ . It can be

formulated as follow:
dp= | 9
p %NTX 5) ©

The dynamic precision could show the results’ distribution precisely by using the different parameters 3
together. The higher of this value means the more missing links were found in this interval.

Definition 2 (Prediction Rate): If the number N” =|E"| is the sum of the training set’s edges. Compare
the result set (E®) with the testing set (E”). If there are | edges in testing set, the final result of Prediction
Rate is the ratio between | and N . It can be formulated as follow:

pr= e (10)

This metric also measures the accuracy of prediction from overall view. It shows that if the prediction
algorithm have found most of the missing links or not. The higher of this value means the algorithm could
find more missing links.

Definition 3 (Prediction Efficiency): If the sum of the result set’s edges is N® =|E®|, Compare the
result set (E®) with the testing set (E”). If there are | edges in testing set, the final result of Prediction
Efficiency is the ratio between | and N®. It can be formulated as follow:

pe= (1)
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This metric measures the accuracy of prediction from total different angle. It represents the efficiency of
the algorithm. The higher of this value, the more efficiency of the algorithm is. With these three new metrics,
we could get the precise statistical regularity of the prediction results.

3. Experiment Conditions

3.1. Toolkits and Platform

There are many available tools for complex network analysis, such as igraph which written by C, Boost
Graph Library (BGL) which written by C++, QuickGraph under the DotNet, and Python’s networkx. The
networkx is the most professional and widely used toolkit for analyzing complex network at present. It can
create and manipulate the network and analyze its structure, function and dynamics characters. It provides
almost the complete algorithms set for analyzing the network and it is open source [16]. The only weakness of
networkx is that because it is compiled by python, its efficiency is lower than the packages which compiled by
C or C++.

Because our research isn’t focused on the high efficiency of computation, it’s on the result’s accuracy.
And we need calculate the power-law by fitting the node’s degree data, the most professional toolkit of this
calculation is the powerlaw package of Python [17]. So our IDE is pywin32-219 and the toolkit of network
analysis is networkx-1.9.1 which release in September 2014.

3.2. Datasets

The experiment’s result greatly depends on the datasets. In order to make our research universality and
can be used for practical application. We chose the Network of the USA airline (USAir), the network of Jazz
musicians (Jazz) [18], the coauthor-ship network of scientists working on network theory and experiment
(NetScience) [19] and the metabolic network of C.elegans (metabolic) [20] as our datasets. These four
networks belong to different domains and have different scales and mechanisms. Their structure features are
density (d ), sum of connected components (Nnc), assortativity coefficient (r), clustering coefficient (C),
network efficiency (€ ), and power exponent (« ) which are shown in the table below.

Table 1: The Structure Features of Four Networks

networks nodes  edges d a nc r e C
USAIr 332 2126 0.0387 1.896 1 -0.208 0.406 0.625
NetScience 1461 2742 0.00257 4.169 268 0.462 0.016 0.694
metabolic 453 2040 0.02 2.915 1 -0.22 0.407 0.646
Jazz 198 2742 0.141 - 1 0.02 0.513 0.617

Their degree distributions are shown in the figures below.

USair Degres Distribute “ Metscience Degree Distribute P metabolic Begree Distribute " Jszz Gegree Distribute

Fig. 1: The degree distributions of four networks.

4. Experiment’s Design and Results

4.1. Experiment’s Design

Although we have the professional toolkits, platform and real datasets, we still need to design the
experiment properly so that we could systematically analyze the prediction results and get the real distribution
regularities. So our experiment is divided into two main parts. The first part, we predicted all the networks
through all the algorithms. For each network, we found the most suitable algorithm which has the highest
accuracy. The second part, on the basis of first part, we predicted every network in different ratio through the
most suitable algorithm and finally got the distribution regularities of every network’s prediction results. The
specific steps of the experiments are as follows:
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Step 1: Set the split ratio ¢ equals to 0.1, divide every network into two parts which is training set
ET and the testing set E. Predict all the networks with the six given algorithms and find the most suitable
algorithm for each network which has the highest accuracy of AUC and Precision.

Step 2: Pick a network, set the initial split ratio equals to 0.05.
Step 3: Divide the network into two parts with the split ratio. Record the structure features of the training

set. Predict the network with the most suitable algorithm which selected in step 1. Record all the prediction
results and the five accuracy metrics. (Set the Dynamic Precision’s parameter f = {0.05, 0.1,---, 0.9} )

Step 4: Repeat the step 3 for fifty times; record all the training sets’ structure features and the prediction
results and the accuracy metrics. Calculate the mean value of every structure features and every accuracy
metrics and record them.

Step 5: Change the split ratio « by adding 0.05 to it every times. Repeat Step 3 and 4, and record all the
data and results until the split ratio & equals to 0.95.

Step 6: Change another network and repeat the Step 2, 3, 4 and 5. When all four networks are done, finish
the experiments.

4.2. Results and Analysis
According to the already designed experiment, we set the split ratio « equals to 0.1 and did the Step 1 for
fifty times. The mean value of the training set’s structure features are shown in the table below:

Table 2 the Mean Values of Four Networks Training Set’S Structure Features’ Mean Value (a=0.1)

network nodes  edges d a nc r e C
USAIr 332 1913 0.0348 1.895 7.26 -0.207 0.38 0.542
NetScience 1461 2467 0.0023 4.169 295 0.467 0.015 0.564
metabolic 453 1836 0.0179 2.915 2.1 -0.22 0.3915 0.5734
Jazz 198 2467 0.126 - 1.54 0.02 0.495 0.554

We predicted each networks with the six different typical algorithms, the mean values of the accuracy are
shown in the table below:

Table 3: The Six Algorithms’ Accuracy in Multi-network Experiment
Prediction ~ Accuracy

. ; USAir metabolic  NetScience Jazz
algorithms index

PA AUC 0.872 0.756 0.854 0.77
Precision 0.4744 0.1012 0.035 0.1948

Jaccard AL_J(_: 0.741 0.805 0.936 0.946
Precision 0.0124 0.074 0.621 0.758

AA AL_J(_: 0.958 0.788 0.933 0.96
Precision 0.4968 0.1416 0.9652 0.8428

ACT AL_J(_: 0.902 0.829 0.588 0.792
Precision 0.608 0.1408 0.0232 0.182

Katz AL_J(_: 0.956 0.896 0.766 0.83
Precision 0.563 0.2416 0.377 0.3284

SimRank AL_J(_: 0.794 0.854 0.984 0.898
Precision 0.124 0.13 0.3904 0.1792

PS: The shadow is the best prediction result of each network.

We can find the most suitable algorithm for each network from the table above. Then we do the following
steps of experiment with different networks and its algorithms.

For network USAIr, we can get the different structure features’ values in different split ratios which are
shown in the Figure below:
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Fig. 2: Different structure features’ values of USAir in different split ratio.
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As we can see from these figures, the bigger of the split ratio means that there are fewer edges in the
training set. With the decline of the edges, the values of training set’s density and clustering coefficient
decline too, but the numbers of components rise. The assortativity coefficient’s values become much more
disperse and the value’s interval becomes much bigger. The other three networks’ structure features have the
same trend so we won’t show them anymore.

According to the results in Step 1, we could choose the most suitable algorithms for different networks.
Then in the following experiments, we did Step 2, 3, 4 and 5 on each network with the selected algorithm and
record all the results. First, regarding to the quantity of edges in prediction results, they are shown in the figure

AN

Flg 3: Results’ edges of different network in dlfferent split ratio.
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As we can see from Figure 3, with the decline of the training set’s edges, the edges in result set decline too.
It is quite easy to understand. The decline of the training set means less information, any algorithm predicts
network depends on the existing information. So the more the better. Then we can see the changing trend of
AUC of all networks:

AR R

Flg 4: Average AUC of four networks in dlfferent split ratio.

It is obvious that all networks’” AUC maintain in a high standard until the split ratio is about 0.8, then the
AUC drop quickly. It means that the suitable algorithm could give the network’s missing edges much higher
value than other nonexistent edges statistically, but when the network’s missing edges’ ratio is bigger than 0.8,
the suitable prediction algorithm basically couldn’t find the missing edges at all. The results of Prediction Rate
support this conclusion too. They are shown in the figure below:

Ve

Fig. 5: Average predlctlon rate of four networks in dlfferent split ratio.

The prediction rate measure the prediction ability from overall view. It shows how many missing edges
could be found out directly. We can see it from Figure 5 that when the split ratio is bigger than 0.7, the
prediction rate drop sharply. It means that most of missing edges couldn’t be predicted if the network lost
more than 70 percent of its edges. The efficiency of the algorithms could be measured by the metric of
Prediction Efficiency and the results of them are shown below:
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Fig. 6: Average predlctlon eff|C|ency of four networks in different split ratio.

From Figure 6 we can find that the Prediction Efficiency rises when the missing edges in network increase.
The main reason is that the number of prediction results decrease sharply. So the ratio between correct edges
and all prediction results increase. But from the AUC we can tell that the high Prediction Efficiency doesn’t
mean high accuracy. It is just a complement for testing the algorithm’s ability.

After analyzing the prediction results from overall view, we could see the results’ precise distribution
from other accuracy metrics. First, The traditional accuracy metric Precision of four networks are depicted in
Figure below:
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Fig. 7: Average Precmon of four networks in dlfferent split ratio.

As we mentioned before, we got top 100 results and compared them with the testing set. The results in
Figure 4 show that the Precision is low from the very beginning and then rise to a higher standard. The
Precision declines just like the AUC does when the split ratio is about bigger than 0.7. That’s an interesting
phenomenon. It shows that when the missing edges in network are very few, probably 5 or 10 percent, they
doesn’t have the highest scores among all the edges. When the ratios are 15 to 60 percent, the top results have
more missing edges instead. For further information about the distribution of missing edges, we can see them
from the results of Dynamic Precision which are shown in the Figure below:
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Fig. 8 average Dynamlc PreC|S|on of four networks in d|fferent Spll'[ ratio.

According to the definition of Dynamic precision and experiment’s design, we chose five typical results
of Dynamic Precision under different split ratio which are 0.1 to 0.5. The X axis represents the parameter /3
in Dynamic Precision and the Y axis represents the missing edges ratio in that interval. It is calculated by the
Dynamic Precision. Each curve represents the missing edges distribution under one split ratio and every dot
on that curve represent the missing edges’ ratio between X-0.05 to X. As we can see from the figure 6, most
of the missing edges distribute between 0 and 0.2. So when the predictors don’t know the exactly number of
missing edges, they could choose the top one-fifth of the total number of original network’s edges in resulting
set. It will guarantee the results have the most correct edges and lest incorrect edges.

5. Conclusions

According to the experiments’ results, we can get following conclusions:
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First: The accuracy of link prediction is reverse proportional to the missing edges of network and it will
drop sharply when the ratio of missing edges is bigger than 0.8.

These could be seen from the AUC in Figure 4, the Prediction Rate in Figure 5 and the Precision in Figure
7. It is mainly because that when the missing edges are too many, it means the original network couldn’t
provide enough information to be predicted. So the accuracy will definitely decline.

Second: The missing edges could easily be found but hardly get high value in resulting set when the
missing edges’ ratio is less than 0.1. Instead, when the ratio is 0.15 to 0.6, the situation will get better.

This is very clear in Figure 4 and 7. | think the main reason of this interesting phenomenon is that the link
prediction is trying to reveal the generate mechanism of network. But unfortunately, every single
unsupervised algorithm just reflects some part of the mechanism. So when the missing edges are too few, it is
hard for algorithms to give every missing edge a high value. The unsupervised prediction is just a kind of
statistical procedure not a precise procedure.

Third: The best value interval of link prediction is about the top M /5 edges in sorted resulting set. The
symbol M represents the sum of the original network’s edges.

This conclusion could be drawn from Figure 8. It is obvious that the top M /5 results have most of the
missing edges. This conclusion has a restricted condition that the sum of resulting set is bigger than M /5
and it always does in most of real networks.

6. Summary and Prospect

In order to analyze the results of the unsupervised link prediction algorithms, we gave three new metrics
which are Dynamic Precision, Prediction Rate and Prediction Efficiency at first. The Prediction Rate and
Prediction Efficiency could estimate the accuracy from over all view, and the Dynamic Precision could
demonstrate the precise distribution of the results. These three new metrics are complementary of the
traditional accuracy metrics. From the three metrics and a series of experiments, we got three important
conclusions which could be a quantitative reference to determine the value interval especially when the
predictor doesn’t know the exact number of missing edges in practical application.

As we can see from the experiments, the best value interval of a network’s prediction result is related to
the prediction algorithm too. Those three conclusions are all for the network’s suitable algorithm which could
get a higher accuracy than most other algorithms. So the very first step in practical application is finding out
the suitable algorithm and then the best value interval of this algorithm’s results makes sense.
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