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Abstract. In this work the thermodynamic properties (the full pressure P, the internal energy per 

unit mass E, the average ionization degree α) of mixture of gases, evaluated by the Thomas–Fermi 

model and ionization equilibrium (Saha) model, are compared. It was used the mixture of oxygen, 

carbon and nitrogen in the proportion of the Mars atmosphere. The range of state parameters: the 

average density ρ = 10-3÷10-7 g/cm3, the temperature Т = (1÷100) eV. 

Introduction 

For the some problems of science and technology, in particular for the atmospheric entries of 

spacecraft calculations, there is a need in data on the properties of substances at temperatures about 

thousands of degrees Kelvin and above [1–5]. This data can be obtained not only by the ionization 

equilibrium (Saha) model [1, 5], but the finite temperature Thomas-Fermi model (TF model) [1, 2, 

6–9], because the region of joint applicability of these models may include this range of state 

parameters: average density ρ = 10
-3

÷10
-7

 g/cm
3
, the temperature Т = (1÷100) eV [5–9].  

In this paper the region of quantitative proximity of these models, formulated for the mixture of 

substances is discussed. The results of thermodynamic properties evaluation are compared for the 

mixture of oxygen, carbon and nitrogen in the proportion of the Mars atmosphere. Thermodynamic 

properties are the full pressure P, the internal energy per unit mass E, the average ionization degree 

α. The data by the TF model is obtained by authors [8, 9], the data by the Saha model is taken from 

the work [5]. Note that the substance under these temperatures T and densities ρ satisfy the 

conditions of the local thermodynamic equilibrium [1, 2, 5].  

The Finite Temperature Thomas-Fermi Model for the Mixture of Elements 

The mixture of N components at the given temperature θ = kB∙T (kB is the Boltzmann constant) and 

the average density ρ is considered. This mixture consists of the sum of spherical atomic cells with 

radius r0i, which have nuclei (obey the Boltzmann statistics) and electrons (obey the Fermi-Dirac 

statistics). Note, that in the local thermodynamic equilibrium conditions chemical potentials μi must 

be equal. 

So, the evaluation of the TF potential for the different cells for the mixture are brought to the 

system of nonlinear differential equations of 2-nd order with appropriate boundary conditions: 
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the Fermi–Dirac function, 2 / θy p , Ai, Zi is atomic weight and charge number of the component 
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with index i. During the solution of the system (1)–(2) radii r0i and partial densities ρi are selected in 

a way to satisfy these conditions: 
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The procedure of evaluating the degree of ionization, the pressure and the relative internal 

energy for the case of a single substance is described in [2, 7, 8]. In the case of the mixture the 

Thomas-Fermi mixing of elements method is used [10]: the contribution of ions is handled as a 

single species with mean atomic number i i
i

Z x Z   and weight i i
i

A x A  , xi, Zi, Аi are the 

number fraction, the charge and atomic weight of i-ого of the component with index i respectively. 

For the electronic contribution of the mixture the densities of all species are adjusted in order to 

fulfill conditions (1). Electronic contribution to thermodynamic functions of the mixture is 

evaluated by summing up the values for each element, using the algorithms for the single substance 

(partial densities ρi are used here), and adding the mass fraction coefficient i i im x A A  , to each of 

this value. 

The Calculation Results. The comparison with the Ionization Equilibrium (Saha) Model 

The test evaluation was made for the mixture of 10 elements with charge numbers Z = 10, 20, …, 

100 and mi = Ai. The chemical potential η = –μ/θ = –ϕi(1) of the mixture at ρ = 1 g/cm
3
, obtained by 

authors,
 
is compared with the known data and presented in the Table.  

 

Table 1: The comparison of calculation results with the known data 

Т, [keV] η from the present work η from [2] error Δ, % 

10 10.11783 10.11881 0.01 

1 6.91901 6.92075 0.03 

0.1 4.54926 4.55316 0.09 

0.01 2.48412 2.49378 0.40 

 

It is observed the agreement of η with an error up to 0.4 % and the error decreases then the 

temperature Т raises.  

The Fig. 1 represents the average ionization degree α, the full pressure P (the pressure of 

electrons and ions), the internal energy per unit mass E depending on Т. These functions are 

evaluated by the TF model, and are taken from the literature data, that uses the ionization 

equilibrium (Saha) model [5]. It was used the mixture of oxygen, carbon and nitrogen in the 

proportion of the Mars atmosphere. Partial composition of the Mars atmosphere (by chemical 

elements): 32.6 % C; 2.1% N; 65.3% O [5]. Note that only the proportion between ion sorts with 

different ionization degrees is temperature dependent. The thermodynamic properties are compared 

in the area, where both models work: Т = 1÷100 eV, ρ = 10
-7

÷10
-3

 g/cm
3
 [5–9]. 
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Fig. 1: The degree of ionization α, the full pressure P and the relative internal energy E 

depending on the temperature T, evaluated by the Saha model [5] and the finite temperature 

Thomas-Fermi model for the mixture of carbon, oxygen and nitrogen at the average density 10
-3 

g/cm
3
. 

 

The Fig. 2 represents the relative difference Δ between the Saha model results [5] and the finite 

temperature TF model results depending on the temperature T. The relative difference Δ is: 

 min ,

TF Saha

TF Saha

P P

P P


  , %,                                (4) 

where PTF, PSaha is the one of the thermodynamic properties (P, E, Z ), evaluated by the TF model 

and the Saha model respectively. 
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Fig. 2: The relative difference Δ between the Saha model results [5] and the finite temperature 

Thomas-Fermi model results depending on the temperature T for the mixture of carbon, oxygen and 

nitrogen at the average density 10
-3 

and 10
-7

 g/cm
3
. 

The Fig. 2 shows, that in the temperature range (1÷6) eV the difference between the Saha model 

results and the TF model results is intolerably huge. This happens, because the thermodynamic 

properties, obtained by the TF model, are inaccurate in this temperature range [6–9]. Otherwise, at 

the temperature Т ≥ 10 eV both models show similar results: the relative difference Δ is 

approximately 10% for the pressure P and the degree of ionization α and approximately 20% for the 

relative internal energy E and doesn’t decrease when the temperature T rises.  

Conclusions 

The area of quantitative proximity for the Saha model and the finite temperature Thomas-Fermi 

model was searched for the mixture of oxygen, carbon and nitrogen in the proportion of the Mars 

atmosphere. On this purpose for the plasma of these elements (for the region of state parameters Т = 

10÷100
 
eV and ρ = 10

-7
÷10

-3
 g/cm

3
) the degree of ionization α, the full pressure P and the relative 

internal energy E depending on the temperature T were compared. It was obtained, that at the 

temperature Т ≥ 10 eV both models show similar results, but at lower temperatures the discrepancy 

takes place. It can be explained as poor applicability of Thomas-Fermi model at low temperatures. 
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