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Abstract. In this paper, we study the β-differentials of the square lattice graphs. By the adjacent vertex
number sequence of a given vertex set, some closed-form formulas of the β-differentials in the square lattice
graphs are obtained. The results show that the differentials of the square lattice graphs are periodic, so we can
get the differential recurrence formula of the general square lattice graph.

Keywords: differential of a graph, domination number, the square lattice

1. Introduction
The set differential can be attributed to some influence maximization problems[1,2], whose as a fundamental
algorithmic problem for information diffusion in social networks. Based on the profit maximization problem
of city supermarket location, Basilio, Bermudo et al. ([3]) put forward the concept of generalized differential,
i.e., the β-differential of a graph. Suppose ( , )G V E is a simple graph with vertex set V and edge set E .
Let D V . ( )B D denotes the set of neighbors of D in \V D . The differential ( )D of D is defined as
| ( ) | | |B D D . The maximum value of ( )D take over all subsets D V is the differential ( )G of G . The
differential of a set could act as a measure of how this set can influence the rest of the elements ([4]). In [3],
the β-differential of a graph G is defined as ( ) : max{ ( ) : } max{ ( ) : , 1}G D D V B D D D V            .
Let  be the maximum degree of G . Note that if Vv has the degree  then   })({)( vG . Thus ,
if  , there will always be a choice of place giving benefits; and if  and VD  , then

0)()()(  DDDDDBG  ,
and hence no set of locations will make benefits. For these reasons, we restrict our study of )G( to the
values of β belongs to ),1(  . Note that the particular case in which β = 1 is called the differential of G .
The Cartesian product of two graphs G and H is defined as the graph HG  with the vertex set

)()()( HVGVHGV  and the edge set ( )E G H , where ( , )( , ) ( )x u y v E V H  is an edge if yx  and
)(HEuv or )(GExy and vu  . Let nP be a path of order n. The Cartesian product m nP P of two paths mP

and nP is a two-dimensional square lattice, in which each inner surface is a unit square with a side length of
1. In this paper, we mainly consider the β-differential of m nP P . The adjacent vertex number sequence of a
given vertex set is defined, from which some closed-form formulas of the β-differentials in the square lattice
graphs are obtained. The results show that the β-differentials of the square lattice graphs are periodic, so we
can get the differential recurrence formula of the general square lattice graph.

2. Preliminary
Let ( , )G V E be a simple graph of order 3n  with vertex set V and edge set E . Let ,u v V , we write

u ~ v whenever u and v are adjacent in G . Denote  vN by the set of neighbors of v in V , i.e.,
  := {u : ~ }N v V u v . The degree of v in G will be denoted by   :v N v  ( ) . The subgraph of G induced by

S V will be denoted by [ ]G S , and the complement of S in V denoted by S . We use ( )B S to denote the set
of vertices in S that have a neighbour in S . We called the set VS  as a dominating set if every vertex
v S is adjacent to a vertex in S . The dominating number ( )G is the minimum cardinality among all
dominating sets. In the following, combined with the methods of choosing domination sets, we take the black
vertices in the graph as a differential set D , and )(DB the set of neighbors of D in \V D .
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Definition 2.1. Let nm PP  be the square lattice graph. Choose the differential set ...321 aaa as follows: when
the first vertex 1a is selected. Then the neighbors of 1a are identified. Thus, the number of the neighbors, i.e.
1 1: | ( ) |b N a is also identified. Next, when the second vertex 2a is selected. Then the neighbors of 2a are
identified (if the neighbors of 2a are repeated with 1a ’s, we omit these repeat neighbors) , thus 2 2: | ( ) |b N a
is also identified. Repeat the above steps continuously, we get the sequence ...321 bbb which corresponds to
the selected vertex sequence ...321 aaa . We call ...321 bbb as the adjacent vertex number sequence(AVNS) of

...321 aaa whose according to the locations of selected vertices, where ib is sorted from left to right and from
top to bottom on the square lattice graph nm PP  .
Remark. By Definition 2.1, we have nD and nbbbDB  ...)( 21 . If ( ) = ( )B D D G  then we call
the selected vertex set D the minimum differential set and ...321 bbb the minimum adjacent vertex number
sequence(MAVNS) .

The following Lemmas 2.1-2.4 will be used in sequel.
Lemma 2.1. ([3]) Let ( , )G V E be a graph of order n . If ( 1, )    , then ( ) (1 ) ( )G n G      . That is,
every β-differential set is a minimum dominating set.
Lemma 2.2. ([3])
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Lemma 2.3. ([5])

2

-12 ,
2( )
-12 1 .
2

n

n if n odd
P P

n otherwise


   
 


   (2)

Lemma 2.4. ([6])
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(3)

3. The β-differential for m nP P

3.1. The β-differentials of mm nP P  （4 7)

By the symmetry of the square lattice, we consider the minimum differential sets of ( , 4)m nP P m n  and
use black dots to represent the selected minimum differential sets of ( , 4)m nP P m n  . Note that the method
of choosing the minimum differential set is not unique. From Lemmas 2.2-2.4, we see that the
differentials(or β-differentials) in ( 1 2,3)m nP P m  ， are periodic. Thus, we will focus on the periodicity of β-
differentials in mm nP P  （4 7).
Theorem 3.1. Let 4n  . If 1  then
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(4)

Proof. By using induction to n . Refer to Fig.1, we consider the following four cases:
Case 1 0 (mod 4)n  . When 4n . The MAVNS in 44 PP  is 3333. Then 4D , 123333)( DB

and  412)()( 44  DDBPP . Thus (4) holds. Suppose (4) holds for kn 4 , i.e. the MAVNS in

kPP 44  is kbbb 421 ... such that kD 4 , kDB 12)(  . When 44  kn . The graph 444  kPP can be obtained
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from the graph kPP 44  by adding four columns in its right. We reconsider the last column of kPP 44  and
obtain that the MAVNS in 444  kPP is 42333... 1-421 kbbb . Thus

)1(444  kkD , )1(12333243-12)(  kkDB .
By the inductive hypothesis,  kkDDBPP n 412)()( 4  .

Figure 1. Four Cartesian product graphs in nPP 4 .

Case 2 1 (mod 4)n  . When 5n . The MAVNS in 54 PP  is 33341. Then
 514)()( 54  DDBPP .

Thus (4) holds. Suppose (4) holds for 14  kn , i.e. the MAVNS in 144  kPP is 1421 ... kbbb , satisfying
14  kD , 212)(  kDB . When 54  kn . Since the graph 544  kPP can be obtained from 144  kPP by

adding four columns in its right. Then the MAVNS in 544  kPP is 23341... 421 kbbb , which implies that
1)1(4414  kkD , 2)1(12143321212)(  kkDB .

By the inductive hypothesis, we have   14212)()( 4  kkDDBPP n .
Case 3 2 (mod 4)n  . When 6n . The MAVNS in 64 PP  is 333422. Then

 617)()( 64  DDBPP .
Thus (4) holds. Suppose (4) holds for 24  kn , i.e. the MAVNS in 4 4 2kP P  is 1 2 4 2... kb b b  , satisfying

4 2D k  , ( ) 12 5B D k  . When 64  kn . Since the graph 644  kPP can be obtained from 244  kPP by
adding four columns in its right. Then the MAVNS in 644  kPP is 33422... 1421 kbbb . Thus

6)1(44)64(  kkD , 5)1(12224332512)(  kkDB .
By inductive hypothesis,   24512)()( 4  kkDDBPP n .
Case 4 3 (mod 4)n  . When 7n . The MAVNS in 74 PP  is 3334233. Then 4 7( ) 21 7P P     . Thus (4)
holds. Suppose (4) holds for 34  kn . When 74  kn . Since the graph 744  kPP can be obtained from

344  kPP by adding four columns in its right. Then the MAVNS in 744  kPP is 43341... 2421 kbbb . Thus
3)1(4434  kkD , 9)1(12143343-912)(  kkDB .

By inductive hypothesis,  4( ) ( ) 12 9 4 3nP P B D D k k          . The proof is complete.
Theorem 3.2. Let 4n  . Then
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(5)

Proof. Similar to the proof of Theorem 3.1, we consider the following six cases (refer to Fig.2) :
Case 1 0 (mod6)n  . When 6n . The MAVNS in 65 PP  is 3433323. Then 5 6( ) 21 7P P     . Suppose
(5) holds for kn 6 , i.e. the MAVNS in kPP 65  is kbbb 721 ... , satisfying kD 7 , 1-k22)( DB . When

66  kn . The MAVNS in 665  kPP is 44333323... 1721 kbbb . Thus
)1(777  kkD , 1)1(222122323333443122)(  kkkDB .

By inductive hypothesis,   kkDDBPP n 7122)()( 5  .
Case 2 1 (mod6)n  . When 7n . The MAVNS in 75 PP  is 34333243. Then 5 7( ) 25 8P P     . Suppose
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(5) holds for 16  kn , i.e. the MAVNS in 165  kPP is 1721 ... kbbb , satisfying 17  kD , 322)(  kDB .
When 76  kn . The MAVNS in 765  kPP is 43333243... 721 kbbb , thus 1)1(7717  kkD ,

  31222522342333343322)(  kkkDB . By inductive hypothesis, (5) holds .
Case 3 2 (mod6)n  . When 8n . The MAVNS in 5 8P P is 343332442. Then 5 8( ) 28 9P P     .
Suppose (5) holds for 26  kn , i.e. the MAVNS in 265  kPP is 2721 ... kbbb , satisfying 27  kD ,

622)(  kDB . When 86  kn . The MAVNS in 865  kPP is 33332442... 1721 kbbb . By inductive hypothesis,
 5( ) 22 6 7 2nP P k k       .

Figure 2. Five Cartesian product graphs in 5 nP P .

Case 4 3 (mod6)n  . When 9n . The MAVNS in 5 9P P is 3433324432. Then 5 9( ) 31 10P P     .
Suppose (5) holds for 36  kn , i.e. the MAVNS in 5 6 3kP P  is 1 2 7 3... kb b b  , satisfying 37  kD ,

922)(  kDB . When 96  kn . The MAVNS in 965  kPP is 33324432... 2721 kbbb . Thus
3)1(7737  kkD ,   91223122234423332922)(  kkkDB .

By inductive hypothesis, (5) holds.
Case 5 4 (mod6)n  . When 4n . The MAVNS in 5 4 4 5( )P P P P   is 34322. Then 4 5( ) 14 5P P     .
Suppose (5) holds for 2-6kn  , i.e. the MAVNS in 5 6 -2kP P is 2721 ... kbbb , satisfying 27  kD ,

8-22)( kDB  . When 46  kn . Since the graph 465  kPP can be obtained from kPP 65  by adding four
columns in its right. Refer to the Case 1 the MAVNS in 465  kPP is 1 2 7 1... 443322kb b b  , thus

2)1(757  kkD 8)1(2214222233443122)(  kkkDB .
By inductive hypothesis, (5) holds.
Case 6 5 (mod6)n  . When 5n . The MAVNS in 55 PP  is 343331. Then 5 5( ) 17 6P P     . Suppose (5)
holds for 16  kn , i.e. the MAVNS in 5 6 -1kP P is 1721 ... kbbb , satisfying 17  kD , 522)(  kDB . When

56  kn . Since the graph 565  kPP can be obtained from kPP 65  by adding five columns in its right. Refer
to the Case 1 the MAVNS in 565  kPP is 1 2 7 -1... 4433331kb b b , thus

7( 1) 1D k   , 5)1(222213333443122)(  kkkDB .
By inductive hypothesis,  5( ) 22 5 7 1nP P k k       . Complete the proof.
Theorem 3.3. Let 4n  . Then
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(6)

Proof. Similar to the proof of Theorem 3.1, we consider the following seven cases (see Fig.3):
Case 1 0 (mod7)n  . When 7n . The MAVNS in 76 PP  is 3234244332. Then 6 7( ) 30 10P P     .
Suppose (6) holds for kn 7 , i.e. the MAVNS in kPP 76  is kbbb 1021 ... , satisfying kD 10 , 2-32k)( DB .
When 77  kn . The MAVNS in 776  kPP is 1 2 10 1... 34323344422kb b b  , thus )1(101010  kkD ,

2)1(323032224443323432232)(  kkkDB . By inductive hypothesis, (6) holds.
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Case 2 1 (mod7)n  . When 8n . The MAVNS in 86 PP  is 323424433332. Then 6 8( ) 36 12P P     .
Suppose (6) holds for 17  kn , i.e. the MAVNS in 176  kPP is 21021 ... kbbb , satisfying 210  kD ,

432)(  kDB . When 87  kn .The MAVNS in 876  kPP is 1 2 10... 432334442332kb b b , thus
10 2 10 10( 1) 2D k k      ,   4132363223324443323423432)(  kkkDB .

By inductive hypothesis, (6) holds.
Case 3 2 (mod7)n  . When 9n . The MAVNS in 96 PP  is 3234244333321. Then 6 9( ) 37 13P P     .
Suppose (6) holds for 27  kn , i.e. the MAVNS in 276  kPP is 31021 ... kbbb , satisfying 310  kD ,

532)(  kDB . When 97  kn . The MAVNS in 976  kPP is 1 2 10 2... 23344423432kb b b  , thus
3)1(1010310  kkD ,   51323732134324443321532)(  kkkDB .

By inductive hypothesis,   310532)()( 6  kkDDBPP n .

Figure 3. Five Cartesian product graphs in 6 nP P .

Case 4 3 (mod7)n  . When 10n . The MAVNS in 106 PP  is 32342443333222. Then 6 10( ) 42 15P P     .
Suppose (6) holds for 37  kn , i.e. the MAVNS in 376  kPP is 31021 ... kbbb , satisfying 510  kD ,
( ) 32 10B D k  . When 107  kn . The MAVNS in 1076  kPP is 1 2 10 3... 334442342331kb b b  , thus
10( 1) 5D k   ,   101324232133243244433221032)(  kkkDB .

By inductive hypothesis,  6( ) ( ) 32 10 10 5nP P B D D k k          .
Case 5 4 (mod7)n  . When 4n . The MAVNS in 6 4 4 6=P P P P （ ）is 323423. Then 4 6( ) 17 6P P     .
Suppose (6) holds for 3-7kn  , i.e. the MAVNS in 376  kPP is 41021 ... kbbb , satisfying 410  kD ,

51-32)( kDB  . When 47  kn . Since the graph 476  kPP can be obtained from kPP 76  by adding four
columns in its right. Then the MAVNS in 476  kPP is 1 2 10 1... 3423423kb b b  , thus

4)1(1010410  kkD 15)1(32173232432432232)(  kkkDB .
By inductive hypothesis, (6) holds.
Case 6 5 (mod7)n  . When 5n . The MAVNS in 65 PP  is 3234243. Then 6 5( ) 21 7P P     . Suppose
(6) holds for 27  kn , i.e. the MAVNS in 276  kPP is 31021 ... kbbb , satisfying 310  kD , 1132)(  kDB .
When 57  kn . Since the graph 576  kPP can be obtained from kPP 76  by adding five columns in its right.
Then the MAVNS in 576  kPP is 1 2 10 1... 34234243kb b b  , thus

10( 1) 3D k   , 11)1(322132342432432232)(  kkkDB .
By inductive hypothesis,   3101132)()( 6  kkDDBPP n .
Case7 6 (mod7)n  . When 6n . The MAVNS in 6 6P P is 323424422. Then 6 6( ) 26 9P P     .
Suppose (6) holds for 17  kn , i.e. the MAVNS in 176  kPP is 11021 ... kbbb , satisfying 110  kD ,

632)(  kDB . When 67  kn . Since the graph 676  kPP can be obtained from kPP 76  by adding six
columns in its right. Then the MAVNS in 676  kPP is 1 2 10 1... 3423424422kb b b  , thus
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10( 1) 1D k   , 6)1(32263222442432432232)(  kkkDB .
By inductive hypothesis, (6) holds. Complete the proof.
Theorem 3.4. Let 4n  . Then

 
 
 
 
 

7

32 2-10 6 ,
32 5- 10 2 6 1,

32 9- 10 4 6 2,
( )

32 14- 10 5 6 3,

32 11- 10 3 6 2,

32 7- 10 2 6 1.

n

k k n k
k k n k

k k n k
P P

k k n k

k k n k

k k n k














 
    
           
    
    

(7)

Proof. Similar to the proof of Theorem 3.2, we consider the following six cases:

Figure 4. Three Cartesian product graphs in 7 nP P .

Case 1 )6(mod0n . When 6n . The MAVNS in 67 PP  is 3233444322 .Then 7 6( ) 30 10P P     .
Suppose (7) holds for kn 6 , i.e. the MAVNS in kPP 67  is kbbb 1021 ... , satisfying kD 10 , 232)(  kDB .
When 66  kn .The MAVNS in 667  kPP is 1 2 10 2... 334333444322kb b b  , thus )1(101010  kkD

2)1(323032223444333433222-32)(  kkkDB .
By inductive hypothesis,  kkDDBPP n 10232)()( 7  .
Case 2 )6(mod1n . When 7n . The MAVNS in 77 PP  is 323344433332 . Then 7 7( ) 37 12P P     .
Suppose (7) holds for 16  kn , i.e. the MAVNS in 167  kPP is 21021 ... kbbb , satisfying 210  kD ,

532)(  kDB . When 76  kn . The MAVNS in 767  kPP is 1 2 10... 432244433332kb b b , thus
10( 1) 2D k   , 5)1(32373223333444223423532)(  kkkDB .

By inductive hypothesis,   210532)()( 7  kkDDBPP n .
Case 3 )6(mod2n . When 8n . The MAVNS in 87 PP  is 32334443334311 . Then 7 8( ) 41 14P P     .
Suppose (7) holds for 26  kn , i.e. the MAVNS in 267  kPP is 41021 ... kbbb , satisfying 410  kD ,

932)(  kDB . When 86  kn .The MAVNS in 867  kPP is 1 2 10 2... 224443334311kb b b  , thus
10( 1) 4D k   9)1(32413211343334442211932)(  kkkDB .

By inductive hypothesis,   410932)()( 7  kkDDBPP n .
Case 4 )6(mod3n . When 9=n . The MAVNS in 97 PP × is 323344433343223 . Then 7 9( ) 46-15P P    .
Suppose (7) holds for 36 += kn , i.e. the MAVNS in 367 +× kPP is 51021 +kbbb ... , satisfying 510 += kD ,
( ) 32 14B D k  . When 96 += kn . The MAVNS in 967 +× kPP is 1 2 10 4... 44433343223kb b b  , thus
10( 1) 5D k   , 14132463232234333444431432 ++=+=+++++++++++++= )(-)( kkkDB .

By inductive hypothesis, ( ) 5101432∂ 7 ++==× kkDDBPP n --)()( .
Case 5 )6(mod4n . When 4n . The MAVNS in 7 4P P is 3233433. Then 7 4( ) 21 7P P     . Suppose
(7) holds for 26  kn , i.e. the MAVNS in 267  kPP is 31021 -... kbbb , satisfying 310  kD , 1132)(  kDB .
When 46  kn . Since the graph 467  kPP can be obtained from kPP 67  by adding four columns in its right.
Then the MAVNS in 467  kPP is 1 2 10 2... 334322433kb b b  , thus 3)1(10710  kkD ,

11)1(32213233422343322232)(  kkkDB .
By inductive hypothesis,   3101132)()( 7  kkDDBPP n .
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Case 6 )6(mod5n . When 5n . The MAVNS in 57 PP  is 32334442. Then 7 5( ) 25 8P P     . Suppose
(7) holds for 16 -kn = , i.e. the MAVNS in 167 -kPP × is 21021 -... kbbb , satisfying 210 -kD = , 732 -)( kDB = .
When 56 += kn . Since the graph 567 +× kPP can be obtained from kPP 67  by adding five columns in its right.
Then the MAVNS in 567 +× kPP is 1 2 10 -2... 3343224442kb b b , thus

10( 1)-2D k  , 71322532244422343322232 -)(---)( +=+=++++++++++= kkkDB .
By inductive hypothesis, ( ) 210732∂ 7 ----)()( kkDDBPP n ==× . Complete the proof.

3.2. The β-differentials of ,m nP P m n （4 )

A
Figure 4. 8 nP P

By the β-differentials of nPP ×4 , nPP ×5 , nPP ×6 and nPP ×7 , we can get the β-differentials of ( )4≥× nmPP nm , .
The methodology is as follows: we construct ( )4≥× nmPP nm , with nm PP 






2

and nm PP 





2

, which as shown

in Fig. 4. Let the minimum differential sets of nm PP 





2

and nm PP 





2

be 1D and 2D , respectively. The

corresponding neighbor sets of nm PP 





2

and nm PP 





2

are ( )1DB and ( )2DB , respectively. The m nP P can be

obtained from nm PP 





2

and nm PP 





2

by sticking them together, where black spots are not allowed to be

adjacent. The minimum differential set of m nP P is 21 DD + , the neighbour is     SDBDB  21 , where S is
composed of the new neighbor sets of 1D and 2D which be added on the last line of nm PP 






2

and the first

line of nm PP 





2

respectively. Thus, we have the following Theorem 3.5.

Theorem 3.5.      1 2 1 2-m nP P B D B D S D D       .

Remark. In fact, if 1 we get )4,)((  nmPP nm . When  1,1-∈ . Suppose
  DDBDDBPP nm -)(-)()(∂ , where  nm PPVDDB  )( .

If such a  exists. We have  ++=× DDBPP nm -)()(∂ . When  ,1∈ . Suppose
 ---)(-)()( DDBDDBPP nm ==×∂ , where | | D  .

If such a  exists, we have  ---)()(∂ DDBPP nm  . Thus, we have the following Theorem 3.6.
Theorem 3.6. Let , 4m n  .Then

 
( ) 1

( ) ( ) ( ) , ( 1,1)

( ) | | D , (1, )
m n m n

B D D

P P B D D B D D V P P

B D D




     

    

  


            
      

. (8)

4. Conclusions
By the methods of choosing MAVNS, we have studied theβ-differentials of the square lattice graphs.

The results show that the differentials of the square lattice graphs are periodic(Theorems 3.1-3.4), by which
we can get the differential recurrence formula of the general square lattice graph(Theorem 3.5-3.6). Thus, the
differentials of the square lattice graphs are also can be obtained. But now we don't have a good way to
determine α in Theorem 3.6.

nPP 4

nPP 4
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